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CHARACTERISTIC CLASSES OF MIXED HODGE MODULES
JO¨RG SCHU¨RMANN
Abstract. This paper is an extended version of an expository talk given at the work-
shop “Topology of stratified spaces” at MSRI Berkeley in September 2008. It gives an
introduction and overview about recent developments on the interaction of the theories of
characteristic classes and mixed Hodge theory for singular spaces in the complex algebraic
context. It uses M. Saito’s deep theory of mixed Hodge modules as a“black box”, thinking
about them as “constructible or perverse sheaves of Hodge structures”, having the same
functorial calculus of Grothendieck functors. For the “constant Hodge sheaf”, one gets
the “motivic characteristic classes” of Brasselet-Schu¨rmann-Yokura, whereas the classes of
the “intersection homology Hodge sheaf” were studied by Cappell-Maxim-Shaneson. The
classes associated to “good” variation of mixed Hodge structures where studied in con-
nection with understanding the monodromy action by Cappell-Libgober-Maxim-Shaneson
and the author. There are two versions of these characteristic classes. The K-theoretical
classes capture information about the graded pieces of the filtered de Rham complex of
the filtered D-module underlying a mixed Hodge module. Application of a suitable Todd
class transformation then gives classes in homology. These classes are functorial for proper
pushdown and exterior products, together with some other properties one would expect
for a “good” theory of characteristic classes for singular spaces. For “good” variation of
mixed Hodge structures they have an explicit classical description in terms of “logarithmic
de Rham complexes”. On a point space they correspond to a specialization of the Hodge
polynomial of a mixed Hodge structure, which one gets by forgetting the weight filtration.
Finally also some relations to other subjects of the conference, like index theorems, sig-
nature, L-classes, elliptic genera and motivic characteristic classes for singular spaces, will
be indicated.
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1. Introduction
This paper gives an introduction and overview about recent developments on the interac-
tion of the theories of characteristic classes and mixed Hodge theory for singular spaces in
the complex algebraic context. The reader is not assumed to have any background on one
of these subjects, and the paper can also be used as a bridge for communication between
researchers on one of these subjects.
General references for the theory of characteristic classes of singular spaces is the survey
[48] as well as the paper [55] in these proceedings. As references for mixed Hodge theory
one can use [38, 52], as well as the nice paper [37] for explaining the motivic viewpoint to
mixed Hodge theory. Finally as an introduction to M. Saito’s deep theory of mixed Hodge
modules one can use [38][chap. 14], [41] as well as the introduction [45]. The theory of
mixed Hodge modules is used here more or less as a“black box”, thinking about them as
“constructible or perverse sheaves of Hodge structures”, having the same functorial calculus
of Grothendieck functors. The underlying theory of constructible and perverse sheaves can
be found in [7, 30, 47].
For the “constant Hodge sheaf” QHZ one gets the “motivic characteristic classes” of
Brasselet-Schu¨rmann-Yokura [9] as explained in [55] in these proceedings. The classes of
the “intersection homology Hodge sheaf” ICHZ were studied by Cappell-Maxim-Shaneson in
[10, 11]. Also, the classes associated to “good” variation of mixed Hodge structures where
studied via Atiyah-Meyer type formulae by Cappell-Libgober-Maxim-Shaneson in [12, 13].
For a summary compare also with [35].
There are two versions of these characteristic classes, the motivic Chern class transforma-
tion MHCy and the motivic Hirzebruch class transformation MHTy∗. The K-theoretical
classes MHCy capture information about the graded pieces of the filtered de Rham com-
plex of the filtered D-module underlying a mixed Hodge module. Application of a suitable
twisting td(1+y) of the Todd class transformation td∗ of Baum-Fulton-MacPherson [5, 22]
then gives the classes MHTy∗ = td(1+y) ◦MHCy in homology. It is the motivic Hirzebruch
class transformation MHTy∗, which unifies
(-1) the (rationalized) Chern class transformation c∗ of MacPherson [34],
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(0) the Todd class transformation td∗ of Baum-Fulton-MacPherson [5], and
(1) the L-class transformation L∗ of Cappell-Shaneson [14]
for y = −1, 0 and 1 respectively (compare with [9, 48] and also with [55] in these proceed-
ins). But in this paper we focus on the K-theoretical classes MHCy, because these imply
then also the corresponding results for MHTy∗ just by application of the (twisted) Todd
class transformation. So the motivic Chern class transformation MHCy studied here is
really the basic one!
Here we explain the functorial calculus of these classes, stating first in a very precise form
the key results used from Saito’s theory of mixed Hodge modules, and explaing then how
to get from this the basic results about the motivic Chern class transformation MHCy.
Moreover these results are illustrated by many interesting examples. For the convenience
of the reader, the most general results are only stated in the end of the paper. In fact,
while most of the paper is a detailed survey of the K-theoretical version of the theory as
developed in [9, 12, 13, 35], it is this last section which contains new results on the important
functorial properties of these characteristic classes. The first two section do not use mixed
Hodge modules and are formulated in the (now) classical language of (variation of) mixed
Hodge structures. Here is the plan of the paper:
Section 2: gives an introduction to pure and mixed Hodge structures and the corre-
sponding Hodge genera like E-polynomial and χy-genus. These are suitable generat-
ing functions of Hodge numbers with χy using only the Hodge filtration F , whereas
the E-polynomial also uses the weight filtration. We also carefully explain, why
only the χy-genus can be further generalized to characteristic classes, i.e. why one
has to forget the weight filtration for applications to characteristic classes.
Section 3: motivates and explains the notion of a variation (or family) of pure and
mixed Hodge structures over a smooth (or maybe singular) base. Basic examples
come from the cohomology of the fibers of a family of complex algebraic varieties. We
also introduce the notion of a “good” variation of mixed Hodge structures on a com-
plex algebraic manifold M , to shorten the notion for a graded polarizable variation
of mixed Hodge structures on M , which is admissible in the sense of Steenbrink-
Zucker [50] and Kashiwara [28], with quasi-unipotent monodromy at infinity, i.e.
with respect to a compactification M¯ of M by a compact complex algebraic man-
ifold M¯ , with complement D := M¯\M a normal crossing divisor with smooth
irreducible components. Later on these will give the basic example of so called
“smooth” mixed Hodge modules. And for these good variations we introduce a sim-
ple cohomological characterstic class transformtion MHCy, which behaves nicely
with respect to smooth pullback, duality and (exterior) products. As a first approx-
imation to more general mixed Hodge modules and their characteristic classes, we
also study in detail functorial properties of the canonical Deligne extension across
a normal crossing divisor D at infinity (as above), leading to cohomological charac-
teristic classes MHCy(j∗(·)) defined in terms of “logarithmic de Rham complexes”.
These classes of good variations have been studied in detail in [12, 13, 35], and most
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results described here are new functorial reformulations of the results from these
sources.
Section 4: starts with an introduction to Saito’s functorial theory of algebraic mixed
Hodge modules, explaining its power in many examples, e.g. how to get a pure
Hodge structure on the global Intersection cohomology IH∗(Z) of a compact com-
plex algebraic variety Z. From this we deduce the basic calculus of Grothendieck
groups K0(MHM(·)) of mixed Hodge modules needed for our motivic Chern class
transformation MHCy. We also explain the relation to the motivic view point
coming from relative Grothendieck groups of complex algebraic varieties.
Section 5.1: is devoted to the definition of our motivic characteristic homology class
transformations MHCy and MHTy∗ for mixed Hodge modules. By Saito’s theory
they commute with push down for proper morphisms, and on a compact space one
gets back the corresponding χy-genus by pushing down to a point, i.e. by taking
the degree of these characteristic homology classes.
Sections 5.2-5.3: finally explain other important functoriality properties, like
(1) Multiplicativity for exterior products.
(2) The behaviour under smooth pullback given by a Verdier Riemann-Roch for-
mula.
(3) A “going up and down” formula for proper smooth morphisms.
(4) Multiplicativity between MHCy and MHCy for a suitable (co)homological
pairing in the context of a morphism with smooth target. As special cases one
gets from this interesting Atiyah and Atiyah-Meyer type formulae (as studied
in [12, 13, 35]).
(5) The relation between MHCy and duality, i.e. the Grothendieck duality trans-
formation for coherent sheaves ond the Verdier duality for mixed Hodge mod-
ules.
(6) The identification of MHT−1∗ with the (rationalized) Chern class transforma-
tion c∗ ⊗ Q of MacPherson for the underlying constructible sheaf complex or
function.
Note that such a functorial calculus is expected for any good theory of functorial char-
acteristic classes of singular spaces (compare [9, 48]):
c: For MacPherson’s Chern class transformation c∗ compare with [9, 31, 34, 48].
td: For Baum-Fulton-MacPherson’s Todd class transformation td∗ compare with [5, 6,
9, 22, 24, 48].
L: For Cappel-Shaneson’s L-class transformation L∗ compare with [4, 2, 3, 9, 14, 48,
49, 54].
Note that the counterpart of mixed Hodge modules in these theories are constructible
functions and sheaves (for c∗), coherent sheaves (for td∗) and selfdual perverse or con-
structible sheaf complexes (for L∗). The cohomological counterpart of the smooth mixed
Hodge modules (i.e. good variation of mixed Hodge structures) are locally constant func-
tions and sheaves (for c∗), locally free coherent sheaves or vector bundles (for the Chern
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character ch∗) and selfdual local systems (for L∗ and the KO-classes of Meyer [36]).
In this paper we concentrate mainly on pointing out the relation and analogy to the
L-class story related to important signature invariants, because these are the subject of
many other talks from the conference given in more topological terms. Finally also some
relations to other themes of the conference, like index theorems, L2-cohomology, elliptic
genera and motivic characteristic classes for singular spaces, will be indicated.
2. Hodge structures and genera
2.1. Pure Hodge structures. Let M be a compact Ka¨hler manifold (e.g. a complex
projective manifold) of complex dimension m. By classical Hodge theory one gets the
decomposition (for 0 ≤ n ≤ 2m)
(1) Hn(M,C) = ⊕p+q=n H
p,q(M)
of the complex cohomology of M into the spaces Hp,q(M) of harmonic forms of type (p, q).
This decomposition doesn’t depend on the choice of a Ka¨hler form (or metric) on M , and
for a complex algebraic manifold M it is of algebraic nature. Here it is more natural to
work with the Hodge filtration
(2) F i(M) := ⊕p≥i H
p,q(M)
so that Hp,q(M) = F p(M) ∩ F q(M), with F q(M) the complex conjugate of F q(M) with
respect to the real structure Hn(M,C) = Hn(M,R)⊗ C. If
Ω•M = [OM
d
−−−→ · · ·
d
−−−→ ΩmM ]
denotes the usual holomorphic de Rham complex (with OM in degree zero), then one gets
H∗(M,C) = H∗(M,Ω•M)
by the holomorphic Poincare´-lemma, and the Hodge filtration is induced from the “stupid”
decreasing filtration
(3) F pΩ•M = [0 −−−→ · · · 0 −−−→ Ω
p
M
d
−−−→ · · ·
d
−−−→ ΩmM ] .
More precisely, the corresponding Hodge to de Rham spectral-sequence degenerates at E1,
with
(4) Ep,q1 = H
q(M,ΩpM ) ≃ H
p,q(M) .
More generally, the same results are true for a compact complex manifold M , which is only
bimeromorphic to a Ka¨hler manifold (compare e.g. [38][cor.2.30]). This is especially true
for a compact complex algebraic manifold M . Moreover in this case one can calculate by
Serre’s GAGA-theorem H∗(M,Ω•M ) also with the algebraic (filtered) de Rham complex in
the Zariski topology.
Abstracting these properties, one can say the Hn(M,Q) gets an induced pure Hodge
structure of weight n in the following sense:
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Definition 2.1. Let V be a finite dimesional rational vector space. A (rational) Hodge
structure of weight n on V is a decomposition
VC := V ⊗Q C = ⊕p+q=n V
p,q, with V q,p = V p,q (Hodge decomposition).
In terms of the (decreasing) Hodge filtration F iVC := ⊕p≥i V
p,q, this is equivalent to the
condition
F pV ∩ F qV = {0} whenever p+ q = n + 1 (n-opposed filtration).
Then V p,q = F p ∩ F q, with hp,q(V ) := dim(V p,q) the corresponding Hodge number.
If V, V ′ are rational vector spaces with Hodge structures of weight n and m, then V ⊗V ′
gets an induced Hodge structure of weight n+m, with Hodge filtration
(5) F k(V ⊗ V ′)C := ⊕i+j=k F
iVC ⊗ F
jV ′C .
Similarly the dual vector space V ∨ gets an induced Hodge structure of weight −n, with
(6) F k(V ∨C ) := (F
−kVC)
∨ .
A basic example is the Tate Hodge structure of weight −2n ∈ Z given by the one dimensional
rational vector space
Q(n) := (2πi)n ·Q ⊂ C, with Q(n)C = (Q(n)C)
−n,−n.
Then integration defines an isomorphism H2(P 1(C),Q) ≃ Q(−1), with Q(−n) = Q(−1)⊗n,
Q(1) = Q(−1)∨ and Q(n) = Q(1)⊗n for n > 0.
Definition 2.2. A polarization of a rational Hodge structure V of weight n is a rational
(−1)n-symmetric bilinear form S on V such that
S(F p, F n−p+1) = 0 for all p and ip−qS(u, u¯) > 0 for all 0 6= u ∈ V p,q.
So for n even one gets in particular
(7) (−1)p−n/2S(u, u¯) > 0 for all q and 0 6= u ∈ V p,q.
V is called polarizable, if such a polarization exists.
For example the cohomology Hn(M,Q) of a projective manifold is polarizable by the
choice of a suitable Ka¨hler form! Also note that a polarization of a rational Hodge structure
V of weight n induces an isomorphism of Hodge structures (of weight n):
V ≃ V ∨(−n) := V ∨ ⊗Q Q(−n) .
So if we choose the isomorphism of rational vector spaces Q(−n) = (2πi)−n · Q ≃ Q, then
a polarisation induces a (−1)n-symmetric duality isomorphism V ≃ V ∨.
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2.2. Mixed Hodge structures. The cohomology (with compact support) Hn(c)(X,Q) of
a singular or non-compact complex algebraic variety can’t have a pure Hodge structure in
general, but by Deligne [20, 21] it carries a canonical functorial (graded polarizable) mixed
Hodge structure in the following sense:
Definition 2.3. A finite dimensional rational vector space V has a mixed Hodge structure,
if there is a (finite) increasing weight filtration W = W• on V (by rational subvector
spaces), and a (finite) decreasing Hodge filtration F = F • on VC, such that F induces a
Hodge structure of weight n on GrWn V := WnV/Wn−1V for all n. Such a mixed Hodge
structure is called (graded) polarizable if each graded piece GrWn V is polarizable.
A morphism of mixed Hodge structures is just a homomorphism of rational vector spaces
compatible with both filtrations. Such a morphism is then strictly compatible with both
filtrations so that the category mHs(p) of (graded polarizable) mixed Hodge structures is an
abelian category, with GrW∗ , Gr
∗
F and Gr
∗
FGr
W
∗ preserving short exact sequences. mHs
(p)
is also endowed with a tensor product ⊗ and a duality (·)∨, where the corresponding Hodge
and weight filtrations are defined as in (5) and (6). So for a complex algebraic variety X
one can consider its cohomology class
[H∗(c)(X)] :=
∑
i
(−1)i · [H i(c)(X,Q)] ∈ K0(mHs
(p))
in the Grothendieck group K0(mHs
(p)) of (graded polarizable) mixed Hodge structures.
The functoriality of Deligne’s mixed Hodge structure means in particular, that for a closed
complex algebraic subvariety Y ⊂ X , with open complement U = X\Y , the corresponding
long exact cohomology sequence
(8) · · ·H ic(U,Q)→ H
i
c(X,Q)→ H
i
c(Y,Q)→ · · ·
is an exact sequence of mixed Hodge structures. Similarly the Ku¨nneth isomorphism
(9) H∗c (X,Q)⊗H
∗
c (Z,Q) ≃ H
∗
c (X × Z,Q)
for complex algebraic varieties X,Z is an isomorphism of mixed Hodge structures. Let us
denote by K0(var/pt) the Grothendieck group of complex algebraic varieties, i.e. the free
abelian group of isomorphism classes [X ] of such varieties divided out by the additivity
relation
[X ] = [Y ] + [X\Y ]
for Y ⊂ X a closed complex subvariety. This is then a commutative ring with addition
resp. multiplication induced by the disjoint union resp. the product of varieties. So by (8)
and (9) we get an induced ring homomorphism
(10) χHdg : K0(var/pt)→ K0(mHs
(p)); [X ] 7→ [H∗c (X)] .
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2.3. Hodge genera. The E-polynomial
(11) E(V ) :=
∑
p,q
hp,q(V ) · upvq ∈ Z[u±1, v±1]
of a rational mixed Hodge structure V with Hodge numbers
hp,q(V ) := dimCGr
p
FGr
W
p+q(VC) ,
induces a ring homomorphism
E : K0(mHs
(p))→ Z[u±1, v±1] , with E(Q(−1)) = uv.
Note that E(V )(u, v) is symmetric in u and v, since h(V ) =
∑
n h(WnV ) and V
q,p = V p,q
for a pure Hodge structure. With respect to duality one has in addition the relation
(12) E(V ∨)(u, v) = E(V )(u−1, v−1) .
Later on we will be mainly interested in the following specialized ring homomorphism
χy := E(−y, 1) : K0(mHs
(p))→ Z[y±1] , with χy(Q(−1)) = −y,
defined by
(13) χy(V ) :=
∑
p
dimC(Gr
p
F (VC)) · (−y)
p .
So here one uses only the Hodge and forgets the weight filtration of a mixed Hodge structure.
With respect to duality one has then the relation
(14) χy(V
∨) = χ1/y(V ) .
Note that χ−1(V ) = dim(V ) and for a pure polarized Hodge structure V of weight n one
has by χ1(V ) = (−1)
nχ1(V
∨) = (−1)nχ1(V ) and (7):
χ1(V ) =
{
0 for n odd,
sign(V ) for n even,
where sign denotes the signature of the induced symmetric bilinear form (−1)n/2 ·S on V . A
similar but deeper result is the famous Hodge index theorem (compare e.g. [52][thm.6.3.3])):
χ1([H
∗(M)]) = sign(Hm(M,Q))
for M a compact Ka¨hler manifold of complex even dimension m = 2n. Here the right side
denotes the signature of the symmetric intersection pairing
Hm(M,Q)×Hm(M,Q)
∪
−−−→ H2m(M,Q) ≃ Q .
The advantage of χy compared to E (and the use of −y in the definition) comes from
the following
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Question: Let E(X) := E([H∗(X)]) for X a complex algebraic variety. For M a
compact complex algebraic manifold one gets by (4):
E(M) =
∑
p,q≥0
(−1)p+q · dimCH
q(M,ΩpM) · u
pvq .
Is there a (normalized multiplicative) characteristic class
cl∗ : Iso(C− V B(M))→ H∗(M)[u±1, v±1]
of complex vector bundles such that the E-polynomial is a characteristic number in
the sense that
(15) E(M) = ♯(M) := deg(cl∗(TM) ∩ [M ]) ∈ H∗(pt)[u±1, v±1]
for any compact complex algebraic manifold M with fundamental class [M ]?
So the cohomology class cl∗(V ) ∈ H∗(M)[u±1, v±1] should only depend on the isomor-
phism class of the complex vector bundle V over M and commute with pullback. Multi-
plicativity says
cl∗(V ) = cl∗(V ′) ∪ cl∗(V ′′) ∈ H∗(M)[u±1, v±1]
for any short exact sequence 0 → V ′ → V → V ′′ → 0 of complex vector bundles on M .
Finally cl∗ is normalized if cl∗(trivial) = 1 ∈ H∗(M) for any trivial vector bundle. Then
the answer to this question is NO because there are unramified coverings p : M ′ → M of
elliptic curves M,M ′ of (any) degree d > 0. Then p∗TM ≃ TM ′ and p∗([M
′]) = d · [M ]
so that the projection formula would give for the topological characteristic numbers the
relation
♯(M ′) = d · ♯(M) .
But one has
E(M) = (1− u)(1− v) = E(M ′) 6= 0
so that the equality E(M) = ♯(M) is not possible! Here wo don’t need to ask cl∗ to be
multiplicative or normalized. But if we use the invariant χy(X) := χy([H
∗(X)]), then
χy(M) = 0 for an elliptic curve, and χy(M) is a characteristic number in the sense above
by the famous generalized Hirzebruch Riemann Roch theorem ([27]):
Theorem 2.4 (gHRR). There is a unique normalized multiplicative characteristic class
T ∗y : Iso(C− V B(M))→ H
∗(M,Q)[y]
such that
χy(M) = deg(T
∗
y (TM) ∩ [M ]) = 〈T
∗
y (TM), [M ]〉 ∈ Z[y] ⊂ Q[y]
for any compact complex algebraic manifold M . Here 〈·, ·〉 is the Kronecker pairing between
cohomology and homology.
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The Hirzebruch class T ∗y and χy-genus unify the following (total) characteristic classes
and numbers:
T ∗y =


c∗ ,the Chern class
td∗ ,the Todd class
L∗ ,the L class
and χy =


χ ,the Euler characteristic
χa ,the arithmetic genus
sign ,the signature
for y =


−1
0
1 .
In fact (gHRR) is just a cohomological version of the following K-theoretical calculation.
Let M be a compact complex algebraic manifold, so that
χy(M) =
∑
p,q≥0
(−1)p+q · dimCH
q(M,ΩpM) · (−y)
p
=
∑
p≥0
χ(H∗(M,ΩpM )) · y
p .
(16)
Let us denote by K0an(Y ) (or G
an
0 (Y )) the Grothendieck group of the exact (or abelian)
category of holomorphic vector bundles (or coherent OY -module sheaves) on the complex
variety Y , i.e. the free abelian group of isomorphism classes V of such vector bundles (or
sheaves), divided out by the relation
[V ] = [V ′] + [V ′′] for any short exact sequence 0→ V ′ → V → V ′′ → 0.
Then Gan0 (Y ) (or K
0
an(Y )) is of (co)homological nature, with
f∗ : G
an
0 (X)→ G
an
0 (Y ); [F ] 7→
∑
i≥0
(−1)i · [Rif∗F ]
the functorial pushdown for a proper holomorphic map f : X → Y . In particular for X
compact, the constant map k : X → pt is proper, with
χ(H∗(X,F)) = k∗([F ]) ∈ G
an
0 (pt) ≃ K
0
an(pt) ≃ Z .
Moreover, the tensor product ⊗OY induces a natural pairing
∩ = ⊗ : K0an(Y )×G
an
0 (Y )→ G
an
0 (Y ) ,
where we identify a holomorphic vector bundle V with its locally free coherent sheaf of
sections V. So for X compact we can define a Kronecker pairing
K0an(X)×G
an
0 (X)→ G
an
0 (pt) ≃ Z; 〈[V], [F ]〉 := k∗([V ⊗OX F ]) .
The total λ-class of the dual vector bundle
λy(V
∨) :=
∑
i≥0
Λi(V ∨) · yi
defines a multiplicative characteristic class
λy((·)
∨) : K0an(Y )→ K
0
an(Y )[y] .
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And for a compact complex algebraic manifold M one gets the equality
χy(M) =
∑
i≥0
k∗[Ω
i
M ] · y
i
= 〈λy(T
∗M), [OM ]〉 ∈ G
an
0 (pt)[y] ≃ Z[y] .
(17)
3. Characteristic classes of variations of mixed Hodge structures
This section explains the definition of cohomological characteristic classes associated to
good variations of mixed Hodge structures on complex algebraic and analytic manifolds.
These were previously considered in [12, 13, 35] in connection with Atiyah-Meyer type
formulae of Hodge-theoretic nature. Here we also consider important functorial properties
of these classes.
3.1. Variation of Hodge structures. Let f : X → Y be a proper smooth morphism of
complex algebraic varieties or a projective smooth morphism of complex analytic varieties.
Then the higher direct image sheaf L = Ln := Rnf∗QX is a locally constant sheaf on Y
with finite dimensional stalks
Ly = (R
nf∗QX)y = H
n({f = y},Q)
for y ∈ Y . Let L := L ⊗QY OY ≃ R
nf∗(Ω
•
X/Y ) denote the corresponding holomorphic
vector bundle (or locally free sheaf), with Ω•X/Y the relative holomorphic de Rham complex.
Then the stupid filtration of Ω•X/Y determines a decreasing filtration F of L by holomorphic
subbundles F pL, with
(18) GrpF ((R
p+qf∗QX)⊗QY OY ) ≃ R
qf∗(Ω
p
X/Y ) ,
inducing for all y ∈ Y the Hodge filtration F on the cohomology
Hn({f = y},Q)⊗ C ≃ L|y
of the compact and smooth algebraic fiber {f = y} (compare [38][chap.10]). If Y (and
therefore also X is smooth), then L gets an induced integrable Gauss-Manin connection
∇ : L → L⊗OY Ω
1
Y , with L ≃ kern(∇) and ∇ ◦∇ = 0,
satisfying the Griffith’s transversality condition
(19) ∇(F pL) ⊂ F p−1L ⊗OY Ω
1
Y for all p.
This motivates the following
Definition 3.1. A holomorphic family (L, F ) of Hodge structures of weight n on the reduced
complex space Y is a local system L with rational coefficients and finite dimensional stalks
on Y , and a decreasing filtration F of L = L ⊗QY OY by holomorphic subbbundles F
pL
such that F determines by Ly ⊗Q C ≃ L|y a pure Hodge structure of weight n on each stalk
Ly (y ∈ Y ).
If Y is a smooth complex manifold, then such a holomorphic family (L, F ) is called a
variation of Hodge structures of weight n, if one has in addition for the induced connection
∇ : L → L⊗OY Ω
1
Y the Griffith’s transversality (19).
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Finally a polarization of (L, F ) is a pairing of local systems S : L ⊗QY L → Qy, that
induces a polarization of Hodge structures on each stalk Ly (y ∈ Y ).
For example in the geometric case above, one can get such a polarization on L = Rnf∗QX
for f : X → Y a projective smooth morphism of complex algebraic (or analytic) varieties.
The existence of a polarization is needed for example for the following important result of
Schmid ([46][thm.7.22]):
Theorem 3.2 (Rigidity). Let Y be a connected complex manifold Zarisky open in a com-
pact complex analytic manifold Y¯ , with (L, F ) a polarizable variation of pure Hodge struc-
tures on Y . Then H0(Y, L) gets an induced Hodge structure such that the evaluation map
H0(Y, L) → Ly is an isomorphism of Hodge structures for all y ∈ Y . In particular the
variation (L, F ) is constant, if the underlying local system L is constant.
3.2. Variation of mixed Hodge structures. If one considers a morphism f : X → Y of
complex algebraic varieties with Y smooth, which is a topological fibration with possible
singular or non-compact fiber, then the locally constant direct image sheaves L = Ln :=
Rnf∗QX (n ≥ 0) are variations of mixed Hodge structures in the sense of the following
definitions.
Definition 3.3. Let Y be a reduced complex analytic space. A holomorphic family of mixed
Hodge structures on Y consists of the following data:
(1) a local system L of rational vector spaces on Y with finite dimensional stalks,
(2) a finite decreasing Hodge filtration F of L = L⊗QY OY by holomorphic subbundles
F pL,
(3) a finite increasing weight filtration W of L by local subsystems WnL,
such that the induced filtrations on Ly ≃ Ly ⊗Q C and Ly define a mixed Hodge structure
on all stalks Ly (y ∈ Y ).
If Y is a smooth complex manifold, then such a holomorphic family (L, F,W ) is called
a variation of mixed Hodge structures, if one has in addition for the induced connection
∇ : L → L⊗OY Ω
1
Y the Griffith’s transversality (19).
Finally (L, F,W ) is called graded polarizable, if the induced family (or variation) of pure
Hodge structures GrWn L (with the induced Hodge filtration F ) is polarizable for all n.
With the obvious notion of morphisms, the categories FmHs(p)(Y ) (or VmHs(p)(Y )) of
(graded polarizable) families (or variations) of mixed Hodge structures on Y become abelian
categories with a tensor product ⊗ and duality (·)∨. Again any such morphism is strictly
compatible with the Hodge and weight filtrations. Moreover, one has for a holomorphic
map f : X → Y (of complex manifolds) a functorial pullback
f ∗ : FmHs(p)(Y )→ FmHs(p)(X) (or f ∗ : VmHs(p)(Y )→ VmHs(p)(X)),
comuting with tensor product ⊗ and duality (·)∨. On a point space pt one gets just back
the category
FmHs(p)(pt) = VmHs(p)(pt) = mHs(p)
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of (graded polarizable) mixed Hodge structures. Using the pullback under the constant
map k : Y → pt, we get the constant family (or variation) of Tate Hodge structures
QY (n) := k
∗Q(n) on Y .
3.3. Cohomological characteristic classes. The Grothendieck group K0an(Y ) of holo-
morphic vector bundles on the complex variety Y is a commutative ring with multipli-
cation induced by ⊗ and has a duality involution induced by (·)∨. For a holomorphic
map f : X → Y one has a functorial pullback f ∗ of rings with involutions. Similarly for
K0an(Y )[y
±1], if we extend the duality involution by
([V ] · yk)∨ := [V ∨] · (1/y)k .
For a family (or variation) of mixed Hodge structures (L, F,W ) on Y let us introduce
the characteristic class
(20) MHCy((L, F,W )) :=
∑
p
[GrpF (L)] · (−y)
p ∈ K0an(Y )[y
±1] .
Since morphisms of families (or variations) of mixed Hodge structures are strictly compat-
ible with the Hodge filtrations, we get an induced group homomorphism of Grothendieck
groups:
MHCy : K0(FmHs
(p)(Y ))→ K0an(Y )[y
±1] or MHCy : K0(V mHs
(p)(Y ))→ K0an(Y )[y
±1].
Note that MHC−1((L, F,W )) = [L] ∈ K0an(Y ) is just the class of the associated holo-
morphic vector bundle. And for Y = pt a point, we get back the χy-genus:
χy = MHC
y : K0(mHs
(p)) = K0(FmHs
(p)(pt))→ K0an(pt)[y
±1] = Z[y±1] .
Theorem 3.4. The transformation
MHCy : K0(FmHs
(p)(Y ))→ K0an(Y )[y
±1] or MHCy : K0(VmHs
(p)(Y ))→ K0an(Y )[y
±1]
is contravariant functorial. It is a transformation of commutative rings with unit, i.e.
it commutes with products and respects the units: MHCy([QY (0)]) = [OY ]. Similarly it
respects the duality involutions:
MHCy([(L, F,W )∨]) =
∑
p
[(Gr−pF (L))
∨] · (−y)p = (MHCy([(L, F,W )]))∨ .
Example 3.5. Let f : X → Y be a proper smooth morphism of complex algebraic varieties
or a projective smooth morphism of complex analytic varieties, so that the higher direct
image sheaf Ln := Rnf∗QX (n ≥ 0) with the induced Hodge filtration as in (18) defines a
holomorphic family of pure Hodge structures on Y . If m is the complex dimension of the
fibers, then Ln = 0 for n > 2m so that one can define
[Rf∗QX ] :=
2m∑
n=0
(−1)n · [(Rnf∗QX , F )] ∈ K0(FmHs(Y )) .
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Then one gets by (18):
MHCy([Rf∗QX ]) =
∑
p,q≥0
(−1)p+q · [Rqf∗Ω
p
X/Y ] · (−y)
p
=
∑
p≥0
f∗[Ω
p
X/Y ] · y
p
=: f∗
(
λy(T
∗
X/Y )
)
∈ K0an(Y )[y] .
(21)
Assume moreover that
(a) Y is a connected complex manifold Zarisky open in a compact complex analytic
manifold Y¯ ,
(b) All direct images sheaves Ln := Rnf∗QX (n ≥ 0) are constant.
Then one gets by the rigidity theorem 3.2 (for z ∈ Y ):
f∗
(
λy(T
∗
X/Y )
)
= χy({f = z}) · [OY ] ∈ K
0
an(Y )[y] .
Corollary 3.6 (Multiplicativity). Let f : X → Y be a smooth morphism of compact com-
plex algebraic manifolds, with Y connected. Let T ∗X/Y be the relative holomorphic cotangent
bundle of the fibers, fitting into the short exact sequence
0→ f ∗T ∗Y → T ∗X → T ∗X/Y → 0 .
Assume all direct images sheaves Ln := Rnf∗QX (n ≥ 0) are constant, i.e. π1(Y ) acts
trivially on the cohomology H∗({f = z}) of the fiber. Then one gets the multiplicativity of
the χy-genus (with k : Y → pt the constant map):
χy(X) = (k ◦ f)∗[λy(T
∗X)]
= k∗f∗
(
[λy(T
∗
X/Y )]⊗ f
∗[λy(T
∗Y )]
)
= k∗ (χy({f = z}) · [λy(T
∗Y )])
= χy({f = z}) · χy(Y ) .
(22)
Remark 3.7. The multiplicativity relation (22) specializes for y = 1 to the classical mul-
tiplicativity formula
sign(X) = sign({f = z}) · sign(Y )
of Chern-Hirzebruch-Serre [16] for the signature of an oriented fibration of smooth coher-
ently oriented compact manifolds, if π1(Y ) acts trivially on the cohomology H
∗({f = z}) of
the fiber. So it is a Hodge theoretic counterpart of this. Moreover, the corresponding Euler
characteristic formula for y = −1
χ(X) = χ({f = z}) · χ(Y )
is even true without π1(Y ) acting trivially on the cohomology H
∗({f = z}) of the fiber!
The Chern-Hirzebruch-Serre signature formula was motivational for many subsequent
works which studied monodromy contributions to invariants (genera and characteristic
classes), e.g. see [1, 4, 11, 10, 11, 12, 13, 14, 35, 36].
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Instead of working with holomorphic vector bundles, we can of course also use only the
underlying topological complex vector bundles, which gives the forgetful transformation
For : K0an(Y )→ K
0
top(Y ) .
Here the target can also be viewed as the even part of Z2-graded topological complex
K-cohomology. Of course, For is contravariant functorial and commutes with product
⊗ and duality (·)∨. This duality induces a Z2-grading on K
0
top(Y )[1/2] by splitting into
the (anti-)invariant part, and similarly for K0an(Y )[1/2]. Then the (anti-)invariant part of
K0top(Y )[1/2] can be identified with the even part of Z4-graded topological real K-theory
KO0top(Y )[1/2] (and KO
2
top(Y )[1/2]).
Assume now that (L, F ) is a holomorphic family of pure Hodge structures of weight
n on the complex variety Y , with a polarization S : L ⊗QY L → QY . This induces an
isomorphism of families of pure Hodge structures (of weight n):
L ≃ L∨(−n) := L∨ ⊗QY (−n) .
So if we choose the isomorphism of rational local systems QY (−n) = (2πi)
n ·QY ≃ QY , then
the polarisation induces a (−1)n-symmetric duality isomorphism L ≃ L∨ of the underlying
local systems. And for such an (anti)symmetric selfdual local system L Meyer [36] has
introduced a KO-characteristic class
[L]KO ∈ KO
0
top(Y )[1/2]⊕KO
2
top(Y )[1/2]) = K
0
top(Y )[1/2]
so that for Y a compact oriented manifold of even real dimension 2m the following twisted
signature formula is true:
(23) sign(Hm(Y, L)) = 〈ch∗(Ψ2([L]KO)), L
∗(TM) ∩ [M ]〉 .
Here Hm(Y, L) gets an induced (anti)symmetric duality, with sign(Hm(Y, L)) := 0 in case
of an antisymmetric pairing. Moreover ch∗ is the Chern character, Ψ2 the second Adams
operation and L∗ is the Hirzebruch-Thom L-class.
We now explain that [L]KO agrees up to some universal signs with For(MHC
1((L, F )).
The underlying topological complex vector bundle of L has a natural real structure so that
as a topological complex vector bundle one gets an orthogonal decomposition
L = ⊕p+q=n H
p,q with Hp,q = F pL ∩ F qL = Hq,p,
with
(24) For(MHC1((L, F )) =
∑
p even,q
[Hp,q]−
∑
p odd,q
[Hp,q] .
If n is even, then both sums of the right hand side in (24) are invariant under conjugation.
And (−1)−n/2 · S is by (7) positive resp. negative definite on the corresponding real vector
bundle (⊕p even,q H
p,q)R resp. (⊕p odd,q H
p,q)R. So if we choose the pairing (−1)
n/2 · S for
the isomorphism L ≃ L∨, then this agrees with the splitting introduced by Meyer [36]
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in the definition of his KO-characteristic class [L]KO associated to this symmetric duality
isomorphism of L:
For(MHC1((L, F )) = [L]KO ∈ KO
0
top(Y )[1/2] .
Similarly, if n is odd, both sums of the right hand side in (24) are exchanged under con-
jugation. If we choose the pairing (−1)(n+1)/2 · S for the isomorphism L ≃ L∨, then this
agrees by definition 2.2 with the splitting introduced by Meyer [36] in the definition of his
KO-characteristic class [L]KO associated to this antisymmetric duality isomorphism of L:
For(MHC1((L, F )) = [L]KO ∈ KO
2
top(Y )[1/2] .
Corollary 3.8. Let (L, F ) be a holomorphic family of pure Hodge structures of weight n
on the complex variety Y , with a polarization S chosen. Then the class [L]KO introduced
in [36] for the duality isomorphism coming from the pairing (−1)n(n+1)/2 · S is equal to
For(MHC1((L, F )) = [L]KO ∈ KO
0
top(Y )[1/2]⊕KO
2
top(Y )[1/2] = K
0
top(Y )[1/2] .
It is therefore independent of the choice of the polarisation S. Moreover, this identifica-
tion is functorial under pullback and compatible with products (as defined in [36][p.26] for
(anti)symmetic selfdual local systems).
There are Hodge theoretic counterparts of the twisted signature formula (23). Here we
formulate a corresponding K-theoretical result. Let (L, F,W ) be a variation of mixed Hodge
structures on the m-dimensional complex manifold M . Then
Hn(M,L) ≃ Hn(M,DR(L))
gets an induced (decreasing) F filtration coming from the filtration of the holomorphic de
Rham complex of the vector bundle L with its integrable connection ∇:
DR(L) = [L
∇
−−−→ · · ·
∇
−−−→ L⊗OM Ω
m
M ]
(with L in degree zero), defined by
(25) F pDR(L) = [F pL
∇
−−−→ · · ·
∇
−−−→ F p−mL ⊗OM Ω
m
M ] .
Note that here we are using the Griffith’s transversality (19)!
The following result is due to Deligne and Zucker ([56][thm.2.9, lem.2.11]) in the case
of a compact Ka¨hler manifold, whereas the case of a compact complex algebraic manifold
follows from Saito’s general results as explained in the next section.
Theorem 3.9. Assume M is a compact Ka¨hler manifold or a compact complex algebraic
manifold, with (L, F,W ) a graded polarizable variation of mixed (or pure) Hodge structures
on M . Then Hn(M,L) ≃ Hn(M,DR(L)) gets an induced mixed (or pure) Hodge structure
with F the Hodge filtration. Moreover, the corresponding Hodge to de Rham spectral-
sequence degenerates at E1 so that
GrpF (H
n(M,L)) ≃ Hn(M,GrpFDR(L)) for all n, p.
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Therefore one gets as a corollary (compare [12, 13, 35]):
χy(H
∗(M,L)) =
∑
n,p
(−1)n · dimC (H
n(M,GrpFDR(L))) · (−y)
p
=
∑
p
χ (H∗(M,GrpFDR(L))) · (−y)
p
=
∑
p,i
(−1)i · χ
(
H∗(M,Grp−iF (L)⊗OM Ω
i
M)
)
· (−y)p
= k∗ (MHC
y(L)⊗ λy(T
∗M))
=: 〈MHCy(L), λy(T
∗M) ∩ [OM ]〉 ∈ Z[y
±1] .
(26)
3.4. Good variation of mixed Hodge structures. For later use let us introduce the
following
Definition 3.10 (good variation). Let M be a complex algebraic manifold. A graded polar-
izable variation of mixed Hodge structures (L, F,W ) on M is called good, if it is admissible
in the sense of Steenbrink-Zucker [50] and Kashiwara [28], with quasi-unipotent monodromy
at infinity, i.e. with respect to a compactification M¯ of M by a compact complex algebraic
manifold M¯ , with complement D := M¯\M a normal crossing divisor with smooth irre-
ducible components.
Example 3.11 (pure and geometric variations). Two important examples for such a good
variation of mixed Hodge structures are the following:
(1) A polarizable variation of pure Hodge structures is always admissible by a deep
theorem of Schmid [46][thm.6.16]. So it is good precisely when it has quasi-unipotent
monodromy at infinity.
(2) Consider a morphism f : X → Y of complex algebraic varieties with Y smooth,
which is a topological fibration with possible singular or non-compact fiber. Then
the locally constant direct image sheaves Rnf∗QX and R
nf!QX (n ≥ 0) are good
variations of mixed Hodge structures (compare with remark 4.4).
This class of good variations onM is again an abelian category V mHsg(M) stable under
tensor product ⊗, duality (·)∨ and pullback f ∗ for f an algebraic morphism of complex
algebraic manifolds. Moreover, in this case all vector bundles F pL of the Hodge filtration
carry the structure of a unique underlying complex algebraic vector bundle (in the Zariski
topology), so that the characteristic class transformation MHCy can be seen as a natural
contravariant transformation of rings with involution
MHCy : K0(V mHs
g(M))→ K0alg(M)[y
±1] .
In fact, consider a (partial) compactification M¯ ofM as above, withD := M¯\M a normal
crossing divisor with smooth irreducible components and j : M → M¯ the open inclusion.
Then the holomorphic vector bundle L with integrable connection ∇ corresponding to L
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has a unique canonical Deligne extension (L,∇) to a holomorphic vector bundle L on M¯ ,
with meromorphic integrable connection
(27) ∇ : L → L⊗OM¯ Ω
1
M¯(log(D))
having logarithmic poles alongD. Here the residues of∇ alongD have real eigenvalues, since
L has quasi-unipotent monodromy along D. And the canonical extension is characterized
by the property, that all these eigenvalues are in the half-open intervall [0, 1[ . Moreover,
also the Hodge filtration F of L extends uniquely to a filtration F¯ of L by holomorphic
subvector bundles
F pL := j∗(F
pL) ∩ L ⊂ j∗L ,
since L is admissible along D. Finally the Griffith’s transversality extends to
(28) ∇(F pL) ⊂ F p−1L ⊗OM¯ Ω
1
M¯(log(D)) for all p.
For more details see [19][prop.5.4] and [38][sec.11.1, sec.14.4].
If we choose M¯ as a compact algebraic manifold, then we can apply Serre’s GAGA
theorem to conclude that L and all F pL are algebraic vector bundles, with ∇ an algebraic
meromorphic connection.
Remark 3.12. The canonical Deligne extension L (as above) with its Hodge filtration F
has the following compabilities (compare [19][part II]):
smooth pullback: Let f : M¯ ′ → M¯ be a smooth morphism so that D′ := f−1(D)
is also a normal crossing divisor with smooth irreducible components on M¯ ′ with
complement M ′. Then one has
(29) f ∗
(
L
)
≃ f ∗L andf ∗
(
F pL
)
≃ F pf ∗L for all p.
exterior product: Let L and L′ be two good variations on M and M ′. Then their
canonical Deligne extensions satisfy
L⊠OM×M′ L
′ ≃ L⊠OM¯×M¯′ L
′ ,
since the residues of the corresponding meromorphic connections are compatible.
Then one has for all p:
(30) F p
(
L⊠OM×M′ L
′
)
≃ ⊕i+k=p
(
F iL
)
⊠OM¯×M¯′
(
F kL′
)
.
tensor product: In general the canonical Deligne extensions of two good variations
L and L′ on M are not compatible with tensor products, because of the choice of
different residues for the corresponding meromorphic connections. This problem
doesn’t appear if one of these variations, lets say L′, is already defined on M¯ . Let L
resp. L′ be a good variation on M resp. M¯ . Then their canonical Deligne extensions
satisfy
L ⊗OM (L
′|M) ≃ L⊗OM¯ L
′ ,
and one has for all p:
(31) F p
(
L ⊗OM (L
′|M)
)
≃ ⊕i+k=p
(
F iL
)
⊗OM¯
(
F kL′
)
.
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Let M¯ be a partial compactification of M as before, i.e. we don’t assume that M¯ is
compact, with m := dimC(M). Then the logarithmic de Rham complex
DRlog
(
L
)
:= [L
∇
−−−→ · · ·
∇
−−−→ L⊗OM¯ Ω
m
M¯
(log(D))]
(with L in degree zero) is quasi-isomorphic to Rj∗L, so that
H∗(M,L) ≃ H∗
(
M¯,DRlog
(
L
))
.
So these cohomology groups get an induced (decreasing) F -filtration coming from the fil-
tration
(32) F pDRlog
(
L
)
= [F pL
∇
−−−→ · · ·
∇
−−−→ F p−mL ⊗OM¯ Ω
m
M¯
(log(D))] .
For M¯ a compact algebraic manifold, this is again the Hodge filtration of an induced
mixed Hodge structure on H∗(M,L) (compare with corollary 4.7).
Theorem 3.13. Assume M¯ is a smooth algebraic compactification of the algebraic manifold
M with the complement D a normal crossing divisor with smooth irreducible components.
Let (L, F,W ) be a good variation of mixed Hodge structures on M . Then Hn(M,L) ≃
H∗
(
M¯,DRlog
(
L
))
gets an induced mixed Hodge structure with F the Hodge filtration.
Moreover, the corresponding Hodge to de Rham spectral-sequence degenerates at E1 so
that
GrpF (H
n(M,L)) ≃ Hn
(
M,GrpFDRlog
(
L
))
for all n, p.
Therefore one gets as a corollary (compare [12, 13, 35]):
χy(H
∗(M,L)) =
∑
n,p
(−1)n · dimC
(
Hn
(
M,GrpFDRlog
(
L
)))
· (−y)p
=
∑
p
χ
(
H∗
(
M,GrpFDRlog
(
L
)))
· (−y)p
=
∑
p,i
(−1)i · χ
(
H∗
(
M,Grp−iF
(
L
)
⊗OM¯ Ω
i
M¯(log(D))
))
· (−y)p
=: 〈MHCy(Rj∗L), λy
(
Ω1M¯ (log(D))
)
∩ [OM¯ ]〉 ∈ Z[y
±1] .
(33)
Here we use the notion
(34) MHCy(Rj∗L) :=
∑
p
[GrpF
(
L
)
] · (−y)p ∈ K0alg(M¯)[y
±1] .
Remark 3.12 then implies the
Corollary 3.14. Let M¯ be a smooth algebraic partial compactifiction of the algebraic man-
ifold M with the complement D a normal crossing divisor with smooth irreducible compo-
nents. Then MHCy(Rj∗(·)) induces a transformation
MHCy(j∗(·)) : K0(VmHs
g(M))→ K0alg(M¯)[y
±1] .
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(1) This is contravariant functorial for a smooth morphism f : M¯ ′ → M¯ of such partial
compactifications, i.e.
f ∗ (MHCy(j∗(·))) ≃MHC
y (j′∗(f
∗(·))) .
(2) It commutes with exterior products for two good variations L, L′:
MHCy
(
(j × j′)∗[(L⊠QM×M′ L
′]
)
= MHCy(j∗[L])⊠MHC
y(j′∗[(L
′]) .
(3) Let L resp. L′ be a good variation on M resp. M¯ . Then MHCy(j∗[·]) is multiplica-
tive in the sense that
MHCy (j∗[(L⊗QM (L
′|M)]) =MHCy(j∗[L])⊗MHC
y([L′]) .
4. Calculus of mixed Hodge modules
4.1. Mixed Hodge modules. Before discussing extensions of the characteristic cohomol-
ogy classes MHCy to the singular setting, we need to briefly recall some aspects of Saito’s
theory [39, 40, 41, 43, 44] of algebraic mixed Hodge modules, which play the role of singular
extensions of good variations of mixed Hodge structures.
To each complex algebraic variety Z, Saito associated a category MHM(Z) of algebraic
mixed Hodge modules on Z (cf. [39, 40]). If Z is smooth, an object of this category consists
of an algebraic (regular) holonomicD-module (M, F ) with a good filtration F together with
a perverse sheaf K of rational vector spaces, both endowed a finite increasing filtration W
such that
α : DR(M)an ≃ K ⊗QZ CZ is compatible with W
under the Riemann-Hilbert correspondence coming from the (shifted) analytic de Rham
complex (with α a chosen isomorphism). Here we use left D-modules, and the sheaf DZ
of algebraic differential operators on Z has the increasing filtration F with FiDZ given by
the differential operators of degree ≤ i (i ∈ Z). Then a good filtration F of the algebraic
holonomic D-module M is given by a bounded from below, increasing and exhaustive
filtration FpM by coherent algebraic OZ-modules such that
(35) FiDZ (FpM) ⊂ Fp+iM for all i, p, and this is an equality for i big enough.
In general, for a singular variety Z one works with suitable local embeddings into mani-
folds and corresponding filtered D-modules supported on Z. In addition, these objects are
required to satisfy a long list of complicated properties (not needed here). The forgetful
functor rat is defined as
rat : MHM(Z)→ Perv(QZ); ((M, F ), K,W ) 7→ K .
Theorem 4.1 (M. Saito). MHM(Z) is an abelian category with rat : MHM(Z) →
Perv(QZ) exact and faithful. It extends to a functor
rat : DbMHM(Z)→ Dbc(QZ)
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to the derived category of complexes of Q-sheaves with algebraically constructible cohomol-
ogy. There are functors
f∗, f!, f
∗, f !, ⊗, ⊠, D on DbMHM(Z) ,
which are “lifts” via rat of the similar (derived) functors defined on Dbc(QZ), with (f
∗, f∗)
and (f!, f
!) also pairs of adjoint functors. One has a natural map f! → f∗, which is an
isomorphism for f proper. Here D is a duality involution D2 ≃ id “lifting” the Verdier
duality functor, with
D ◦ f ∗ ≃ f ! ◦ D and D ◦ f∗ ≃ f! ◦ D .
Compare with [40][thm.0.1 and sec.4] for more details (as well as with [43] for a more
general formal abstraction). The usual truncation τ≤ on D
bMHM(Z) corresponds to the
perverse truncation pτ≤ on D
b
c(Z) so that
rat ◦H = pH ◦ rat ,
where H stands for the cohomological functor in DbMHM(Z) and pH denotes the perverse
cohomology (always with respect to the self-dual middle perversity).
Example 4.2. Let M be a complex algebraic manifold of pure complex dimension m, with
(L, F,W ) a good variation of mixed Hodge structures on M . Then L with its integrable
connection ∇ is a holonomic (left) D-module with α : DR(L)an ≃ L[m], where this time
we use the shifted de Rham complex
DR(L) := [L
∇
−−−→ · · ·
∇
−−−→ L⊗OM Ω
m
M ]
with L in degree −m, so that DR(L)an ≃ L[m] is a perverse sheaf on M . The filtration
F induces by Griffith’s transversality (19) a good filtration Fp(L) := F
−pL as a filtered
D-module. As explained before, this comes from an underlying algebraic filtered D-module.
Finally α is compatible with the induced filtration W defined by
W i(L[m]) := W i−mL[m] and W i(L) := (W i−mL)⊗QM OM .
And this defines a mixed Hodge module M on M , with rat(M)[−m] a local system on M .
A mixed Hodge moduleM on the pure m-dimensional complex algebraic manifold M is
called smooth, if rat(M)[−m] is a local system on M . Then this example corresponds to
[40][thm.0.2], whereas the next theorem corresponds to [40][thm.3.27 and rem. on p.313]:
Theorem 4.3 (M. Saito). Let M be a pure m-dimensional complex algebraic manifold.
Associating to a good variation of mixed Hodge structures V = (L, F,W ) on M the mixed
Hodge module M := VH as in example (4.2) defines an equivalence of categories
MHM(M)sm ≃ VmHs
g(M)
between the categories of smooth mixed Hodge modules MHM(M)sm and good variation of
mixed Hodge structures on M . This commutes with exterior product ⊠ and pullback
f ∗ : V mHsg(M)→ V mHsg(M ′) resp. f ∗[m′ −m] : MHM(M)→ MHM(M ′)
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for an algebraic morphism of smooth algebraic manifolds M,M ′ of dimension m,m′. For
M = pt a point, one gets in particular an equivalence
MHM(pt) ≃ mHsp .
Remark 4.4. These two theorems explain why a geometic variations of mixed Hodge struc-
tures as in Example 3.11(2) is good.
By the last identification of the theorem, there exists a unique Tate object QH(n) ∈
MHM(pt) such that rat(QH(n)) = Q(n) and QH(n) is of type (−n,−n):
MHM(pt) ∋ QH(n) ≃ Q(n) ∈ mHsp .
For a complex variety Z with constant map k : Z → pt, define
QHZ (n) := k
∗
ZQ
H(n) ∈ DbMHM(Z), with rat(QHZ (n)) = QZ(n).
So tensoring with QHZ (n) defines the Tate twist ·(n) of mixed Hodge modules. To simplify
the notations, let QHZ := Q
H
Z (0). If Z is smooth of complex dimension n then QZ [n] is
perverse on Z, and QHZ [n] ∈MHM(Z) is a single mixed Hodge module, explicitly described
by
QHZ [n] = ((OZ , F ),QZ [n],W ), with gr
F
i = 0 = gr
W
i+n for all i 6= 0.
It follows from the definition that every M ∈ MHM(Z) has a finite increasing weight
filtration W so that the functor M → GrWk M is exact. We say thatM∈ D
bMHM(Z) has
weights ≤ n (resp. ≥ n) if GrWj H
iM = 0 for all j > n + i (resp. j < n + i). M is called
pure of weight n, if it has weights both ≤ n and ≥ n. For the following results compare
with [40][prop.2.26 and (4.5.2)]:
Proposition 4.5. If f is a map of algebraic varieties, then f! and f
∗ preserve weight
≤ n, and f∗ and f
! preserve weight ≥ n. If f is smooth of pure complex fiber dimension
m, then f ! ≃ f ∗[2m](m) so that f ∗, f ! preserve pure objects for f smooth. Moreover, if
M∈ DbMHM(X) is pure and f : X → Y is proper, then f∗M ∈ D
bMHM(Y ) is pure of
the same weight as M.
Similarly the duality functor D exchanges “weight ≤ n” and “weight ≥ −n”, in particular
it preserves pure objects. Finally let j : U → Z be the inclusion of a Zariski open subset.
Then the intermediate extension functor
(36) j!∗ : MHM(U)→MHM(Z) : M 7→ Im
(
H0(j!M)→ H
0(j∗(M)
)
preserves weight ≤ n and ≥ n, in particular it preserves pure objects (of weight n).
We say thatM∈ DbMHM(Z) is supported on S ⊂ Z if and only if rat(M) is supported
on S. There are the abelian subcategories MH(Z, k)p ⊂MHM(Z) of pure Hodge modules
of weight k, which in the algebraic context are assumed to be polarizable (and extendable
at infinity).
For each k ∈ Z, the abelian category MH(Z, k)p is semi-simple, in the sense that every
pure Hodge module on Z can be uniquely written as a finite direct sum of pure Hodge
modules with strict support in irreducible closed subvarieties of Z. Let MHS(Z, k)
p denote
the subcategory of pure Hodge modules of weight k with strict support in S. Then every
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M ∈ MHS(Z, k)
p is generically a good variation of Hodge structures VU of weight k − d
(d := dim S) on a Zariski dense smooth open subset U ⊂ S (i.e. VU is polarizable
with quasi-unipotent monodromy at infinity). This follows from theorem 4.3 and the fact,
that a perverse sheaf is generically a shifted local system on a smooth dense Zariski open
subset U ⊂ S. Conversely, every such good variation of Hodge structures V on such an
U corresponds by theorem 4.3 to a pure Hodge module VH on U , which can be extended
in an unique way to a pure Hodge module j!∗VH on S with strict support. Under this
correspondence, for M ∈MHS(Z, k)
p we have that
rat(M) = ICS(V)
is the twisted intersection cohomology complex for V the corresponding variation of Hodge
structures. Similarly
(37) D(j!∗VH) ≃ j!∗(V
∨
H)(d) .
Moreover, a polarization of M ∈ MHS(Z, k)
p corresponds to an isomorphism of Hodge
modules (compare [38][def.14.35, rem.14.36])
(38) S :M≃ D(M)(−k) ,
whose restriction to U gives a polarization of V. In particular it induces a self-duality
isomorphism
S : rat(M) ≃ D(rat(M))(−k) ≃ D(rat(M))
of the underlying twisted intersection cohomology complex, if an isomorphism QU (−k) ≃
QU is chosen.
So if U is smooth of pure complex dimension n, then QHU [n] is a pure Hodge module
of weight n. If moreover j : U →֒ Z is a Zariski-open dense subset in Z, then the inter-
mediate extension j!∗ for mixed Hodge modules (cf. also with [7]) preserves the weights.
This shows that if Z is a complex algebraic variety of pure dimension n and j : U →֒ Z is
the inclusion of a smooth Zariski-open dense subset then the intersection cohomology mod-
ule ICHZ := j!∗(Q
H
U [n]) is pure of weight n, with underlying perverse sheaf rat(IC
H
Z ) = ICZ .
Note that the stability of a pure object M ∈ MHM(X) under a proper morphism
f : X → Y implies the famous decomposition theorem of [7] in the context of pure Hodge
modules ([40][(4.5.4) on p.324]):
(39) f∗M≃ ⊕i H
if∗M[−i] , with H
if∗M semi-simple for all i.
Assume Y is pure-dimesional, with f : X → Y a resolution of singularities, i.e. X is
smooth with f a proper morphism, which generically is an isomorphism on some Zariski
dense open subset U . Then QHX is pure, since X is smooth, and IC
H
Y has to be the direct
summand of H0f∗Q
H
X which corresponds to Q
H
U .
Corollary 4.6. Assume Y is pure-dimesional, with f : X → Y a resolution of singularities.
Then ICHY is a direct summand of f∗Q
H
X ∈ D
bMHM(Y ).
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Finally we get the following results about the existence of a mixed Hodge structure on
the cohomology (with compact support) H i(c)(Z,M) for M∈ D
bMHM(Z).
Corollary 4.7. Let Z be a complex algebraic variety with constant map k : Z → pt. Then
the cohomology (with compact support) H i(c)(Z,M) of M ∈ D
bMHM(Z) gets an induced
graded polarizable mixed Hodge structure:
H i(c)(Z,M) = H
i(k∗(!)M) ∈MHM(pt) ≃ mHs
p .
In particular:
(1) The rational cohomology (with compact support) H i(c)(Z,Q) of Z gets an induced
graded polarizable mixed Hodge structure by:
H i(Z,Q) = rat(H i(k∗k
∗QH)) and H ic(Z,Q) = rat(H
i(k!k
∗QH)) .
(2) Let VU be a good variation of mixed Hodge structures on a smooth pure n-dimensional
complex variety U , which is Zariski open and dense in a variety Z, with j : U → Z
the open inclusion. Then the global twisted Intersection cohomology (with compact
support)
IH i(c)(Z,V) := H
i
(c)(Z, ICZ(V)[−n])
gets a mixed Hodge structure by
IH i(c)(Z,V) = H
i(k∗(!)ICZ(V)[−n]) = H
i(k∗(!)j!∗(V)[−n]) .
If Z is compact, with V a polarizable variation of pure Hodge structures of weight
w, then also IH i(Z,V) has a (polarizable) pure Hodge structure of weight w + i.
(3) Let V be a good variation of mixed Hodge structures on a smooth (pure dimen-
sional) complex manifold M , which is Zariski open and dense in complex algebraic
manifold M¯ , with complement D a normal crossing divisor with smooth irreducible
components. Then H i(M,V) gets a mixed Hodge structure by
H i(M,V) ≃ H i(M¯, j∗V) ≃ H
i(k∗j∗V) ,
with j : U → Z the open inclusion.
Remark 4.8. Let us point out some important properties of these mixed Hodge structures:
(1) By a deep theorem of Saito ([44][thm.0.2,cor.4.3]), the mixed Hodge structure on
H i(c)(Z,Q) defined as above coincides with the classical mixed Hodge structure con-
structed by Deligne ([20, 21]).
(2) Assume we are in the context of (3) above with Z = M¯ projective and V a good
variation of pure Hodge structures on U = M . Then the pure Hodge structure
of (2) on the global Intersection cohomology IH i(Z,V) agrees with that of [15, 29]
defined in terms of L2-cohomology with respect to a Ka¨hler metric with Poincare´
singularities along D (compare [40][rem.3.15]). The case of a 1-dimensional com-
plex algebraic curve Z = M¯ due to Zucker [56][thm.7.12] is used in the work of
Saito [39][(5.3.8.2)] in the proof of the stability of pure Hodge modules under pro-
jective morphisms [39][thm.5.3.1] (compare also with the detailed discussion of this
1-dimensional case in [45]).
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(3) Assume we are in the context of (3) above with M¯ compact. Then the mixed Hodge
structure on H i(M,V) is the one of theorem 3.13, whose Hodge filtration F comes
from the filtered logarithmic de Rham complex (compare [40][sec.3.10, prop.3.11]).
4.2. Grothendieck groups of algebraic mixed Hodge modules. In this section, we
describe the functorial calculus of Grothendieck groups of algebraic mixed Hodge modules.
Let Z be a complex algebraic variety. By associating to (the class of) a complex the alter-
nating sum of (the classes of) its cohomology objects, we obtain the following identification
(e.g. compare [[30], p. 77], [[47], Lemma 3.3.1])
(40) K0(D
bMHM(Z)) = K0(MHM(Z)).
In particular, if Z is a point, then
(41) K0(D
bMHM(pt)) = K0(mHs
p),
and the latter is a commutative ring with respect to the tensor product, with unit [QH ].
Then we have for any complex M• ∈ DbMHM(Z) the identification
(42) [M•] =
∑
i∈Z
(−1)i[H i(M•)] ∈ K0(D
bMHM(Z)) ∼= K0(MHM(Z)).
In particular, if for any M ∈ MHM(Z) and k ∈ Z we regard M[−k] as a complex
concentrated in degree k, then
(43) [M[−k]] = (−1)k[M] ∈ K0(MHM(Z)).
All functors f∗, f!, f
∗, f !, ⊗, ⊠, D induce corresponding functors on K0(MHM(·)). More-
over, K0(MHM(Z)) becomes a K0(MHM(pt))-module, with the multiplication induced
by the exact exterior product with a point space:
⊠ : MHM(Z)×MHM(pt)→ MHM(Z × {pt}) ≃MHM(Z).
Also note that
M⊗QHZ ≃M⊠Q
H
pt ≃M
for all M ∈ MHM(Z). Therefore, K0(MHM(Z)) is a unitary K0(MHM(pt))-module.
The functors f∗, f!, f
∗, f ! commute with exterior products (and f ∗ also commutes with
the tensor product ⊗), so that the induced maps at the level of Grothendieck groups
K0(MHM(·)) areK0(MHM(pt))-linear. SimilarlyD defines an involution onK0(MHM(·)).
Moreover, by the functor
rat : K0(MHM(Z))→ K0(D
b
c(QZ)) ≃ K0(Perv(QZ)),
all these transformations lift the corresponding transformations from the (topological) level
of Grothendieck groups of constructible (or perverse) sheaves.
Remark 4.9. The Grothendieck group K0(MHM(Z)) has two different type of generators:
(1) It is generated by the classes of pure Hodge modules [ICS(V)] with strict support in
an irreducible complex algebraic subset S ⊂ Z, with V a good variation of (pure)
Hodge structures on a dense Zariski open smooth subset U of S. These generators
behave well under duality.
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(2) It is generated by the classes f∗[j∗V], with f : M¯ → Z a proper morphisms from the
smooth complex algebraic manifold M¯ , j : M → M¯ the inclusion of a Zariski open
and dense subset M , with complement D a normal crossing divisor with smooth
irreducible components, and V a good variation of mixed (or if one wants also pure)
Hodge structures on M . These generators will be used in the next section about
characteristic classes of mixed Hodge modules.
Here (1) follows from the fact, that a mixed Hodge module has a finite weight filtration,
whose graded pieces are pure Hodge modules, i.e. are finite direct sums of pure Hodge
modules ICS(V) with strict support S as above. (2) follows by induction from resolution
of singularities and from the existence of a standard distinguished triangle associated to a
closed inclusion.
Let i : Y → Z be a closed inclusion of complex algebraic varieties with open complement
j : U = Z\Y → Z. Then one has by Saito’s work [40][(4.4.1)] the following functorial
distinguished triangle in DbMHM(Z):
(44) j!j
∗
adj
−−−→ id
adi−−−→ i∗i
∗ [1]−−−→ .
Here the maps ad are the adjunction maps, with i∗ = i! since i is proper. If f : Z → X is
a complex algebraic morphism, then we can apply f! to get another distinguished triangle
(45) f!j!j
∗QHZ
adj
−−−→ f!Q
H
Z
adi−−−→ f!i!i
∗QHZ
[1]
−−−→ .
On the level of Grothendieck groups, we get the important additivity relation
(46) f![Q
H
Z ] = (f ◦ j)![Q
H
U ] + (f ◦ i)![Q
H
Y ] ∈ K0(D
bMHM(X)) = K0(MHM(X)) .
Corollary 4.10. One has a natural group homomorphism
χHdg : K0(var/X)→ K0(MHM(X)); [f : Z → X ] 7→ [f!Q
H
Z ] ,
which commutes with pushdown f!, exterior product ⊠ and pullback g
∗. For X = pt this
corresponds to the ring homomorphism (10) under the identification ofMHM(pt) ≃ mHsp.
Here K0(var/X) is the motivic relative Grothendieck group of complex algebraic varieties
over X , i.e. the free abelian group generated by isomorphism classes [f ] = [f : Z → X ] of
morphisms f to X , divided out be the additivity relation
[f ] = [f ◦ i] + [f ◦ j]
for a closed inclusion i : Y → Z with open complement j : U = Z\Y → Z. The pushdown
f!, exterior product ⊠ and pullback g
∗ for these relative Grothendieck groups are defined
by composition, exterior product and pullback of arrows. The fact that χHdg commutes
with exterior product ⊠ (or pullback g∗) follows then from the corresponding Ku¨nneth (or
base change) theorem for the functor
f! : D
bMHM(Z)→ DbMHM(X)
(contained in Saito’s work [43] and [40][(4.4.3)]).
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Let L := [A1C] ∈ K0(var/pt) be the class of the affine line so that
χHdg(L) = [H
2(P 1(C),Q)] = [Q(−1)] ∈ K0(MHM(pt)) = K0(mHs
p)
is the Lefschetz class [Q(−1)]. This is invertible in K0(MHM(pt)) = K0(mHs
p) so that
the transformation χHdg of corollary 4.10 factorizes over the localization
M0(var/X) := K0(var/X)[L
−1] .
Altogether we get the following diagram of natural transformations commuting with f!, ⊠
and g∗:
(47)
F (X)
can
←−−− M0(var/X) ←−−− K0(var/X)
χstalk
x yχHdg
K0(D
b
c(X)) ←−−−
rat
K0(MHM(X)) .
Here F (X) is the group of algebraically constructible functions on X generated by 1Z for
Z ⊂ X a closed complex algebraic subset, with χstalk given by the Euler characteristic of
the stalk complexes (compare [47][sec.2.3]). The pushdown f! for algebraically constructible
functions is defined for a morphism f : Y → X by
f!(1Z)(x) := χ (H
∗
c (Z ∩ {f = x},Q)) for x ∈ X ,
so that the horizontal arrow can is given by
can : [f : Y → X ] 7→ f!(1Y ) , with can(L) = 1pt.
The advantage ofM0(var/X) compared to K0(var/X) is the fact, that it has an induced
duality involution D : M0(var/X)→ M0(var/X) characterized uniquely by (compare [8]):
D ([f : M → X ]) = L−m · [f : M → X ]
for f : M → X a proper morphism withM smooth and pure m-dimensional. This “motivic
duality” D commutes with pushdown f! for proper f , so that χHdg also commutes with
duality by
χHdg (D[idM ]) = χHdg
(
L−m · [IdM ]
)
= [QHM(m)]
= [QHM [2m](m)] = [D(Q
H
M)] = D (χHdg ([IdM ]))
(48)
for M smooth and pure m-dimensional. In fact by resolution of singularities and “additiv-
ity”, K0(var/X) is generated by such classes f![idM ] = [f : M → X ].
Then all the transformations of (47) commute with duality, were K0(D
b
c(X)) gets this
involution from Verdier duality, and D = id for algebraically constructible functions by
χ ([Q(−1)]) = 1pt (compare also with [47][sec.6.0.6]). Similarly they commute with f∗ and
g! defined by the relations (compare [8]):
D ◦ g∗ = g! ◦ D and D ◦ f∗ = f! ◦ D .
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For example for an open inclusion j :M → M¯ one gets
(49) χHdg (j∗[idM ]) = j∗[Q
H
M ] .
5. Characteristic classes of mixed Hodge modules
5.1. Homological characteristic classes. In this section we explain the theory of K-
theoretical characteristic homology classes of mixed Hodge modules based on the follow-
ing result of Saito (compare with [39][sec.2.3] and [44][sec.1] for the first part, and with
[40][sec.3.10, prop.3.11]) for the part (2)):
Theorem 5.1 (M. Saito). Let Z be a complex algebraic variety. Then there is a functor
of triangulated categories
(50) GrFp DR : D
bMHM(Z)→ Dbcoh(Z)
commuting with proper push-down, with GrFp DR(M) = 0 for almost all p and M fixed,
where Dbcoh(Z) is the bounded derived category of sheaves of algebraic OZ-modules with
coherent cohomology sheaves. If M is a (pure m-dimensional) complex algebraic manifold,
then one has in addition:
(1) Let M ∈ MHM(M) be a single mixed Hodge module. Then GrFp DR(M) is the
corresponding complex associated to the de Rham complex of the underlying algebraic
left D-module M with its integrable connection ∇:
DR(M) = [M
∇
−−−→ · · ·
∇
−−−→ M⊗OM Ω
m
M ]
with M in degree −m, filtered by
FpDR(M) = [FpM
∇
−−−→ · · ·
∇
−−−→ Fp+mM⊗OM Ω
m
M ] .
(2) Let M¯ be a smooth partial compactification of the complex algebraic manifold M
with complement D a normal crossing divisor with smooth irreducible components,
with j : M → M¯ the open inclusion. Let V = (L, F,W ) be a good” variation of
mixed Hodge structures on M . Then the filtered de Rham complex
(DR(j∗V), F ) of j∗V ∈MHM(M¯ )[−m] ⊂ D
bMHM(M¯)
is filtered quasi-isomorphic to the logarithmic de Rham complex DRlog(L) with the
increasing filtration F−p := F
p (p ∈ Z) associated to the decreasing F -filtration (32).
In particular GrF−pDR(j∗V) (p ∈ Z) is quasi-isomorphic to
GrpFDRlog
(
L
)
= [GrpFL
Gr ∇
−−−→ · · ·
Gr ∇
−−−→ Grp−mF L ⊗OM¯ Ω
m
M¯
(log(D))] .
Here the filtration FpDR(M) of the de Rham complex is well defined, since the action
of the integrable connection ∇ is given in local coordinates (z1, . . . , zm) by
∇(·) =
m∑
i=1
∂
∂zi
(·)⊗ dzi , with
∂
∂zi
∈ F1DM ,
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so that ∇(FpM) ⊂ Fp+1M for all p by (35). For later use, let us point that the maps Gr ∇
and Gr ∇ in the complexes
GrFp DR(M) and Gr
p
FDRlog
(
L
)
are O-linear!
Example 5.2. Let M be a pure m-dimensional complex algebraic manifold. Then
GrF−pDR(Q
H
M) ≃ Ω
p
M [−p] ∈ D
b
coh(M)
for 0 ≤ p ≤ m, and GrF−pDR(Q
H
M) ≃ 0 otherwise. Assume in addition that f : M → Y
is a resolution of singularities of the pure dimensional complex algebraic variety Y . Then
ICHY is a direct summand of f∗Q
H
M ∈ D
bMHM(Y ) so that by functoriality grF−pDR(IC
H
Y )
is a direct summand of Rf∗Ω
p
M [−p] ∈ D
b
coh(Y ). In particular
GrF−pDR(IC
H
Y ) ≃ 0 for p < 0 or p > m.
The transformationsGrFp DR (p ∈ Z) induce functors on the level of Grothendieck groups.
Therefore, if G0(Z) ≃ K0(D
b
coh(Z)) denotes the Grothendieck group of coherent algebraic
OZ-sheaves on Z, we get group homomorphisms
GrFp DR : K0(MHM(Z)) = K0(D
bMHM(Z))→ K0(D
b
coh(Z)) ≃ G0(Z) .
Definition 5.3. The motivic Hodge Chern class transformation
MHCy : K0(MHM(Z))→ G0(Z)⊗ Z[y
±1]
is defined by
(51) [M] 7→
∑
i,p
(−1)i[Hi(GrF−pDR(M))] · (−y)
p .
So this characteristic class captures information from the graded pieces of the filtered de
Rham complex of the filteredD-module underlying a mixed Hodge moduleM∈MHM(Z),
instead of the graded pieces of the filtered D-module itself (as more often studied). Let
p′ = min{p| FpM 6= 0}. Using theorem 5.1(1) for a local embedding Z →֒ M of Z into a
complex algebraic manifold M of dimension m, one gets
GrFp DR(M) = 0 for p < p
′ −m, and GrFp′−mDR(M) ≃ (Fp′M)⊗OM ωM
is a coherent OZ-sheaf independent of the local embedding. Here we are using left D-
modules (related to variation of Hodge structures), whereas for this question the corre-
sponding filtered right D-module (as used in [42])
Mr :=M⊗OM ωM with FpM
r := (Fp+mM)⊗OM ωM
would better work. Then the coefficient of the “top-dimensional” power of y inMHCy ([M]):
(52) MHCy ([M]) = [Fp′M⊗OM ωM ]⊗ (−y)
m−p′ +
∑
i<m−p′
(· · · ) · yi ∈ G0(Z)[y
±1]
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is given by the class [Fp′M⊗OMωM ] ∈ G0(Z) of this coherent OZ-sheaf (up to a sign). Using
resolution of singularities, one gets for example for an m-dimensional complex algebraic
variety Z, that
MHCy([Q
H
Z ]) = [π∗ωM ] · y
m +
∑
i<m
(· · · ) · yi ∈ G0(Z)[y
±1] ,
with π : M → Z any resolution of singularities of Z (compare [44][cor.0.3]). More generally,
for an irreducible complex variety Z and M = ICHZ (L) a pure Hodge module with strict
support Z, the corresponding coherent OZ-sheaf
SZ(L) := Fp′IC
H
Z (L)⊗OM ωM
only depends on Z and the good variation of Hodge structures L on a Zariski open smooth
subset of Z, and it behaves much like a dualizing sheaf. Its formal properties are studied
in Saito’s proof given in [42] of a conjecture of Kollar. So the “top-dimensional” power of
y in MHCy
(
[ICHZ (L)]
)
exactly picks out (up to a sign) the class [SZ(L)] ∈ G0(Z) of this
interesting coherent sheaf SZ(L) on Z.
Let td(1+y) be the twisted Todd transformation
td(1+y) :G0(Z)⊗ Z[y
±1]→ H∗(Z)⊗Q[y
±1, (1 + y)−1] ;
[F ] 7→
∑
k≥0
tdk([F ]) · (1 + y)
−k ,(53)
where H∗(·) stands either for Chow homology groups CH∗(·) or for Borel-Moore homology
groups HBM2∗ (·) (in even degrees), and tdk is the degree k component in Hk(Z) of the Todd
class transformation td∗ : G0(Z) → H∗(Z) ⊗ Q of Baum-Fulton-MacPherson [5], which is
linearly extended over Z[y±1] (compare also with [22][chap.18] and [24][Part II]).
Definition 5.4. The (un)normalized motivic Hirzebruch class transformations MHTy∗
(and MHT˜y∗) are defined by the composition
(54) MHTy∗ := td(1+y) ◦MHCy : K0(MHM(Z))→ H∗(Z)⊗Q[y
±1, (1 + y)−1]
and
(55) MHTy∗ := td∗ ◦MHCy : K0(MHM(Z))→ H∗(Z)⊗Q[y
±1] .
Remark 5.5. By precomposing with the transformation χHdg from corollary 4.10 one gets
similar transformations
mCy :=MHCy ◦ χHdg, Ty∗ := MHTy∗ ◦ χHdg and T˜y∗ := MHT˜y∗ ◦ χHdg
defined on the relative Grothendieck group of complex algebraic varieties K0(V ar/·) as
studied in [9]. Then it is the (normalized) motivic Hirzebruch class transformation Ty∗,
which “unifies” in a functorial way
(-1) the (rationalized) Chern class transformation c∗ of MacPherson [34],
(0) the Todd class transformation td∗ of Baum-Fulton-MacPherson [5], and
(1) the L-class transformation L∗ of Cappell-Shaneson [14]
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for y = −1, 0 and 1 respectively (compare with [9, 48] and also with [55] in these proceedings).
In this paper we work most the time only with the more important K-theoretical trans-
formation MHCy. The corresponding results for MHTy∗ follow from this by the known
properties of the Todd class transformation td∗ (compare [5, 22, 24]).
Example 5.6. Let V = (V, F,W ) ∈ MHM(pt) = mHsp be a (graded polarizable) mixed
Hodge structure. Then:
(56) MHCy([V]) =
∑
p
dimC(Gr
p
FVC) · (−y)
p = χy([V]) ∈ Z[y
±1] = G0(pt)⊗ Z[y
±1] .
So over a point the transformationMHCy coincides with the χy-genus ring homomorphism
χy : K0(mHs
p)→ Z[y±1] (and similarly for MHT˜y∗ and MHTy∗).
The motivic Chern resp. Hirzebruch class Cy(Z) resp. Ty∗(Z) of a complex algebraic
variety Z is defined by
(57) Cy(Z) :=MHCy([Q
H
Z ]) and Ty∗(Z) := MHTy∗([Q
H
Z ]) .
Similarly, if U is a pure n-dimensional complex algebraic manifold, and L is a local system
on U underlying a good variation of mixed Hodge structures, we define twisted motivic
Chern resp. Hirzebruch characteristic classes by (compare [12, 13, 35])
(58) Cy(U ;L) := MHCy([L
H ]) and Ty∗(U ;L) := MHTy∗([L
H ]) ,
where LH [n] is the smooth mixed Hodge module on U with underlying perverse sheaf L[n].
Assume in addition, that U is dense and Zariski open in the complex algebraic variety
Z. Let ICHZ , IC
H
Z (L) ∈ MHM(Z) be the (twisted) intersection homology (mixed) Hodge
module on Z, whose underlying perverse sheaf is ICZ resp. ICZ(L). Then we define
Intersection characteristic classes by (compare [9, 11, 13, 35]):
(59) ICy(Z) :=MHCy
([
ICHZ [−n]
])
and ITy∗(Z) := MHTy∗
([
ICHZ [−n]
])
and similarly,
(60) ICy(Z;L) := MHCy
([
ICHZ (L)[−n]
])
and ITy∗(Z;L) :=MHTy∗
([
ICHZ (L)[−n]
])
.
By definition and theorem 5.1, the transformations MHCy and MHTy∗ commute with
proper push-forward. The following normalization property holds (cf. [9]): If M is smooth,
then
(61) Cy(Z) = λy(T
∗M) ∩ [OM ] and Ty∗(Z) = T
∗
y (TM) ∩ [M ] ,
where T ∗y (TM) is the cohomology Hirzebruch class of M as in theorem 2.4.
Example 5.7. Let Z be a compact (possibly singular) complex algebraic variety, with k :
Z → pt the proper constant map to a point. Then for M∈ DbMHM(Z) the pushdown
k∗(MHCy(M)) =MHCy(k∗M) = χy ([H
∗(Z,M)])
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is the Hodge genus
(62) χy([H
∗(Z,M)]) =
∑
i,p
(−1)idimC(Gr
p
FH
i(Z,M)) · (−y)p .
In particular:
(1) If Z is smooth, then
k∗Cy(Z) = χy(Z) := χy ([H
∗(Z,Q)])
and
k∗Cy(Z;L) = χy(Z;L) := χy ([H
∗(Z,L)]) .
(2) If Z is pure dimensional, then
k∗ICy(Z) = Iχy(Z) := χy ([IH
∗(Z,Q)])
and
k∗ICy(Z;L) = Iχy(Z;L) := χy ([IH
∗(Z,L)]) .
Note that for Z compact
Iχ−1(Z) = χ([IH
∗(Z;Q)]
is the intersection (co)homology Euler characteristic of Z, whereas for Z projective,
Iχ1(Z) = sign (IH
∗(Z,Q))
is the intersection (co)homology signature of Z due to Goresky-MacPherson [25]. In fact
this follows as in the smooth context from Saito’s (relative version of the) Hodge index
theorem for intersection cohomology ([39][thm.5.3.2]). Finally χ0(Z) and Iχ0(Z) are two
possible extensions to singular varieties of the arithmetic genus. Here it makes sense to
take y = 0, since one has by Example 5.2:
k∗ICy(Z) = Iχy(Z) ∈ Z[y] .
It is conjectured that for a pure n-dimensional compact variety Z:
IT1∗(Z)
?
= L∗(Z) ∈ H2∗(Z,Q)
is the Goresky-MacPherson homology L-class [25] of the Witt space Z ([9], Remark 5.4).
Similarly one should expect for a pure-dimensional compact variety Z, that
(63) α(IC1(Z))
?
= △(Z) ∈ KOtop0 (Z)[1/2]⊕KO
top
2 (Z)[1/2] ≃ K
top
0 (Z)[1/2] ,
where α : G0(Z) → K
top
0 (Z) is the K-theoretical Riemann-Roch transformation of Baum-
Fulton-MacPherson [6], and △(Z) is the Sullivan class of the Witt space Z (compare
with [3] in these proceedings). These conjectured equalities are true for a smooth Z, or
more generally for a pure n-dimensional compact complex algebraic variety Z with a small
resolution of singularities f :M → Z, in which case one has f∗(Q
H
M ) = IC
H
Z [−n] so that
IT1∗(Z) = f∗T1∗(M) = f∗L∗(M) = L∗(Z) ,
and
α (IC1(Z)) = f∗ (α(C1(M))) = f∗△(M) = △(Z) .
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Here the functoriality f∗L∗(M) = L∗(Z) and f∗△(M) = △(Z) for a small resolution follows
e.g. from the work [54], which allows one to think of the characteristic classes L∗ and △ as
covariant functors for suitable Witt groups of selfdual constructible sheaf complexes.
In particular, the classes f∗C1(M) and f∗T1∗(M) do not depend on the choice of a small
resolution. In fact the same functoriality argument applies to (compare [11, 35])
ICy(Z) = f∗Cy(M) ∈ G0(Z)⊗Z[y] and ITy∗(Z) = f∗Ty∗(M) ∈ H2∗(Z)⊗Q[y, (1+y)
−1] .
Note that in general a complex variety Z doesn’t have a small resolution, and even if it
exists, it is in general not unique. This type of independence question were discussed by
Totaro [51], pointing out the relation to the famous elliptic genus and classes (compare also
with [32, 53] in these proceedings). Note that we get such a result for the K-theoretical
class
ICy(Z) = f∗Cy(M) ∈ G0(Z)⊗ Z[y] !
5.2. Calculus of characteristic classes. So far we only discussed the functoriality of
MHCy with respect to proper push down, and the corresponding relation to Hodge genera
for compact Z coming from the push down for the proper constant map k : Z → pt. Now we
explain some other important functoriality properties. Their proof is based on the following
(e.g. see [35][(4.6)]):
Example 5.8. Let M¯ be a smooth partial compactification of the complex algebraic manifold
M with complement D a normal crossing divisor with smooth irreducible components, with
j : M → M¯ the open inclusion. Let V = (L, F,W ) be a good variation of mixed Hodge
structures on M . Then the filtered de Rham complex
(DR(j∗V), F ) of j∗V ∈MHM(M¯ )[−m] ⊂ D
bMHM(M¯)
is by theorem 5.1(2) filtered quasi-isomorphic to the logarithmic de Rham complex DRlog(L)
with the increasing filtration F−p := F
p (p ∈ Z) associated to the decreasing F -filtration
(32). Then
MHCy(j∗V) =
∑
i,p
(−1)i[Hi(GrpFDRlog(L))] · (−y)
p
=
∑
p
[GrpFDRlog(L)] · (−y)
p
(∗)
=
∑
i,p
(−1)i[Grp−iF (L)⊗OM¯ Ω
i
M¯(log(D))] · (−y)
p
= MHCy(Rj∗L) ∩
(
λy
(
Ω1M¯ (log(D))
)
∩ [OM¯ ]
)
.
(64)
In particular for j = id : M → M we get the following Atiyah-Meyer type formula (compare
[12, 13, 35]):
(65) MHCy(V) =MHC
y(L) ∩ (λy(T
∗M) ∩ [OM ]) .
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Remark 5.9. The formula (64) is a class version of the formula (33) of theorem 3.13,
which one gets back from (64) by pushing down to a point for the proper constant map
k : M¯ → pt on the compactification M¯ of M .
Also note that in the equality (∗) above we use the fact that the complex GrpFDRlog(L)
has coherent (locally free) objects, with OM¯ -linear maps between them.
The formula (64) describes a splitting of the characteristic class MHCy(j∗V) into
(coh) a cohomological termMHCy(Rj∗L) capturing the information of the good variation
of mixed Hodge structures L, and
(hom) the homological term
λy
(
Ω1M¯ (log(D))
)
∩ [OM¯ ] = MHCy(j∗Q
H
M)
capturing the information of the underlying space or embedding j : M → M¯ .
The term MHCy(Rj∗L) has by corollary 3.14 good functorial behavior with respect to
exterior and suitable tensor products, as well as for smooth pullbacks. For the exterior
products one gets similarly (compare [19][prop.3.2]):
Ω1M¯×M¯ ′(log(D ×M
′ ∪M ×D′)) ≃
(
Ω1M¯ (log(D))
)
⊠
(
Ω1M¯ ′(log(D
′))
)
so that
λy
(
Ω1M¯×M¯ ′(log(D ×M
′ ∪M ×D′))
)
∩ [OM¯×M¯ ′ ] =(
λy
(
Ω1M¯ (log(D))
)
∩ [OM¯ ]
)
⊠
(
λy
(
Ω1M¯ ′(log(D
′))
)
∩ [OM¯ ′ ]
)
for the product of two partial compactifications as in example 5.8. But the Grothendieck
group K0(MHM(Z)) of mixed Hodge modules on the complex variety Z is generated by
classes of the form f∗(j∗[V]), with f : M¯ → Z proper and M, M¯,V as before. Finally one
also has the multiplicativity
(f × f ′)∗ = f∗ ⊠ f
′
∗
for the push down for proper maps f : M¯ → Z and f ′ : M¯ ′ → Z ′ on the level of
Grothendieck groups K0(MHM(·)) as well as for G0(·) ⊗ Z[y
±1]. Then one gets (as in
[9][Proof of Cor. 2.1(3)]) from corollary 3.14 and the example 5.8 the following
Corollary 5.10 (Multiplicativity for exterior products). The motivic Chern class trans-
formation MHCy commutes with exterior products:
(66) MHCy([M ⊠M
′]) = MHCy([M ]⊠ [M
′]) = MHCy([M ])⊠MHCy([M
′])
for M ∈ DbMHM(Z) and M ′ ∈ DbMHM(Z ′).
Next we explain the behaviour of MHCy for smooth pullbacks. Consider a cartesian
diagram of morphisms of complex algebraic varieties
M¯ ′
g′
−−−→ M¯
f ′
y yf
Z ′ −−−→
g
Z ,
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with g smooth, f proper and M, M¯,V as before. Then also g′ is smooth and f ′ is proper,
and one has the base change isomorphism
g∗f∗ = f
′
∗g
′∗
on the level of Grothendieck groups K0(MHM(·)) as well as for G0(·) ⊗ Z[y
±1]. Finally
for the induced partial compactification M¯ ′ of M ′ := g′−1(M), with complement D′ the
induced normal crossing divisor with smooth irreducible components, one has a short exact
sequence of vector bundles on M¯ ′:
0→ g′∗
(
Ω1M¯ (log(D))
)
→ Ω1M¯ ′(log(D
′))→ T ∗g′ → 0 ,
with T ∗g′ the relative cotangent bundle along the fibers of the smooth morphism g
′. And by
base change one has T ∗g′ = f
′∗(T ∗g ). So for the corresponding lambda classes we get
λy
(
Ω1M¯ ′(log(D
′))
)
=
(
g′∗λy
(
Ω1M¯ (log(D))
))
⊗ λy(T
∗
g′)
=
(
g′∗λy
(
Ω1M¯ (log(D))
))
⊗ f ′∗λy(T
∗
g ) .
(67)
Finally (compare also with [9][Proof of Cor. 2.1(4)]), by using the projection formula
λy(T
∗
g )⊗ f
′
∗(·) = f
′
∗
(
f ′∗λy(T
∗
g )⊗ (·)
)
: , G0(M¯
′)⊗ Z[y±1]→ G0(Z
′)⊗ Z[y±1]
one gets from corollary 3.14 and the example 5.8 the following
Corollary 5.11 (VRR for smooth pullbacks). For a smooth morphism g : Z ′ → Z of
complex algebraic varieties one has for the motivic Chern class transformation the following
Verdier Riemann-Roch formula:
(68) λy(T
∗
g ) ∩ g
∗MHCy([M ]) = MHCy(g
∗[M ]) =MHCy([g
∗M ])
for M ∈ DbMHM(Z). In particular
(69) g∗MHCy([M ]) =MHCy(g
∗[M ]) = MHCy([g
∗M ])
for g an e´tale morphism (i.e. a smooth morphism with zero dimensional fibers), or in more
topological terms, for g an unramified covering. The most important special case is that of
an open embedding.
If moreover g is also proper, then one gets from corollary 5.11 and the projection formula
the following result:
Corollary 5.12 (Going up and down). Let g : Z ′ → Z be a smooth and proper morphism
of complex algebraic varieties. Then one has for the motivic Chern class transformation
the following going up und down formula:
MHCy(g∗g
∗[M ]) = g∗MHCy(g
∗[M ])
= g∗
(
λy(T
∗
g ) ∩ g
∗MHCy([M ])
)
=
(
g∗λy(T
∗
g )
)
∩MHCy([M ])
(70)
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for M ∈ DbMHM(Z), with
g∗
(
λy(T
∗
g )
)
:=
∑
p,q≥0
(−1)q · [Rqg∗(Ω
p
Z′/Z)] · y
p ∈ K0alg(Z)[y]
the algebraic cohomology class being given (as in example 3.5) by
MHCy([Rg∗QZ′]) =
∑
p,q≥0
(−1)q · [Rqg∗(Ω
p
Z′/Z)] · y
p .
Note that all higher direct image sheaves Rqg∗(Ω
p
Z′/Z) are locally free in this case, since g
is a smooth and proper morphism of complex algebraic varieties (compare with [18]). In
particular
g∗Cy(Z
′) =
(
g∗λy(T
∗
g )
)
∩ Cy(Z) ,
and
g∗ICy(Z
′) =
(
g∗λy(T
∗
g )
)
∩ ICy(Z)
for Z and Z ′ pure dimensional. If moreover Z,Z ′ are compact, with k : Z → pt the constant
proper map, then
(71) χy(g
∗[M]) = k∗g∗MHCy(g
∗[M ]) = 〈g∗λy(T
∗
g ),MHCy([M ])〉 .
In particular
χy(Z
′) = 〈g∗λy(T
∗
g ), Cy(Z)〉 and Iχy(Z
′) = 〈g∗λy(T
∗
g ), ICy(Z)〉 .
The result of this corollary can also be seen form a different view point, by making the
“going up and down” calculation already on the level of Grothendieck groups of mixed
Hodge modules, where this time one only needs the assumption that f : Z ′ → Z is proper
(to get the projection formula):
f∗f
∗[M] = [f∗f
∗M] = [f∗(Q
H
Z′ ⊗ f
∗M)] = [f∗Q
H
Z′]⊗ [M] ∈ K0(MHM(Z))
forM ∈ DbMHM(Z). The problem for a singular Z is then, that we do not have a precise
relation between
[f∗Q
H
Z′ ] ∈ K0(MHM(Z)) and [Rf∗QZ′] ∈ K0(FmHs
p(Z)) .
Remark 5.13. What is missing up to now is the right notion of a good variation (or family)
of mixed Hodge structures on a singular complex algebraic variety Z! This class should at
least contain:
(1) The higher direct image local systems Rif∗QZ′ (i ∈ Z) for a smooth and proper
morphism f : Z ′ → Z of complex algebraic varieties.
(2) The pullback g∗L of a good variation of mixed Hodge structures L on a smooth
complex algebraic manifold M under an algebraic morphism g : Z →M .
At the moment we have to assume that Z is smooth (and pure dimensional) so that one
can use theorem 4.3.
Nevertheless, in case (2) above we can already prove the following interesting result
(compare with [35][sec.4.1] for a similar result for MHTy∗ in the case when f is a closed
embedding):
CHARACTERISTIC CLASSES OF MIXED HODGE MODULES 37
Corollary 5.14 (Multiplicativity). Let f : Z → N be a morphism of complex algebraic
varieties, with N smooth and pure n-dimensional. Then one has a natural pairing
f ∗(·) ∩ (·) : K0(VmHs
g(N))×K0(MHM(Z))→ K0(MHM(Z)) ,
([L], [M]) 7→ [f ∗
(
LH
)
⊗M] .
Here LH [m] is the smooth mixed Hodge module on N with underlying perverse sheaf L[m].
One also has a similar pairing on (co)homological level:
f ∗(·) ∩ (·) : K0alg(N)⊗ Z[y
±1]×G0(Z)⊗ Z[y
±1]→ G0(Z)⊗ Z[y
±1] ,
([V] · yi, [F ] · yj) 7→ [f ∗(V)⊗F ] · yi+j .
And the motivic Chern class transformations MHCy and MHCy commute with these nat-
ural pairings:
MHCy
(
[f ∗
(
LH
)
⊗M]
)
=MHCy ([f ∗L]) ∩MHCy([M])
= f ∗ (MHCy ([L])) ∩MHCy([M])
(72)
for L ∈ V mHsg(N) and M∈ DbMHM(Z).
For the proof we can once more assume M = g∗j∗V for g : M¯ → Z proper, with M¯ a
pure-dimensional smooth complex algebraic manifold, j : M → M¯ a Zariski open inclusion
with complement D a normal crossing divisor with smooth irreducible components, and
finally V a good variation of mixed Hodge structures on M . Using the projection formula,
it is then enough to prove
MHCy
(
[g∗f ∗
(
LH
)
⊗ j∗V]
)
= MHCy ([g∗f ∗L]) ∩MHCy([j∗V]) .
But g∗f ∗L is a good variation of mixed Hodge structures on M¯ , so that by example 5.8
and corollary 3.14(3) both sides are equal to
(MHCy(g∗f ∗L)⊗MHCy(j∗V)) ∩
(
λy
(
Ω1M¯ (log(D))
)
∩ [OM¯ ]
)
.
As an application of the very special case f = id : Z → N the identity of a complex
algebraic manifold Z, with
MHCy([Q
H
Z ]) = λy(T
∗Z) ∩ [OZ ] ,
one gets the Atiyah-Meyer type formula (65) as well as the following result (cf. [12, 13, 35]):
Example 5.15 (Atiyah type formula). Let g : Z ′ → Z be a proper morphism of com-
plex algebraic varieties, with Z smooth and connected. Assume that for a given M ∈
DbMHM(Z ′) all direct image sheaves
Rig∗rat(M) (i ∈ Z) are locally constant ,
e.g. g is a locally trivial fibration and M = QHZ′ or M = IC
H
Z′ (for Z
′ pure dimensional),
so that they all underlie a good variation of mixed Hodge structures. Then one can define
[Rg∗rat(M)] :=
∑
i∈Z
(−1)i · [Rig∗rat(M)] ∈ K0(VmHs
g(Z)) ,
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with
g∗MHCy([M]) = MHCy(g∗[M ])
= MHCy([Rg∗rat(M)])⊗ (λy(T
∗Z) ∩ [OZ ]) .
(73)
As a final application we mention the
Example 5.16 (Atiyah-Meyer type formula for intersection cohomology). Let f : Z → N
be a morphism of complex algebraic varieties, with N smooth and pure n-dimensional (e.g.
a closed embedding). Assume also Z is pure m-dimensional. Then one has for a good
variation of mixed Hodge structures L on N the equality
ICHZ (f
∗L)[−m] ≃ f ∗LH ⊗ ICHZ [−m] ∈MHM(Z)[−m] ⊂ D
bMHM(Z) ,
so that
(74) ICy(Z; f
∗L) =MHCy(f ∗L) ∩ ICy(Z) = f
∗ (MHCy(L)) ∩ ICy(Z) .
If in addition Z is also compact, then one gets by pushing down to a point:
(75) Iχy(Z; f
∗L) = 〈MHCy(f ∗L), ICy(Z)〉 .
Remark 5.17. This example should be seen as a Hodge theoretical version of the corre-
sponding result of Banagl-Cappell-Shaneson [4] for the L-classes L∗(ICZ(L)) of a selfdual
Poincare´ local system L on all of Z. The special case of example 5.16 for f a closed
inclusion was already explained in [35][sec.4.1].
Finally note that all the results of this section can easily be applied to the (un)normalized
motivic Hirzebruch class transformation MHTy∗ (and MHT˜y∗), because the Todd class
transformation td∗ : G0(·) → H∗(·) of Baum-Fulton-MacPherson [5] has the following
properties (compare also with [22][chapter 18] and [24][Part II]):
Functoriality: The Todd class transformation td∗ commutes with pushdown f∗ for a
proper morphism f : Z → X :
td∗ (f∗ ([F ])) = f∗ (td∗ ([F ])) for [F ] ∈ G0(Z).
Multiplicativity for exterior products: The Todd class transformation td∗ com-
mutes with exterior products:
td∗ ([F ⊠ F
′]) = td∗ ([F ])⊠ td∗ ([F
′]) for [F ] ∈ G0(Z) and [F
′] ∈ G0(Z
′).
VRR for smooth pullbacks: For a smooth morphism g : Z ′ → Z of complex alge-
braic varieties one has for the Todd class transformation td∗ the following Verdier
Riemann-Roch formula:
td∗(Tg) ∩ g
∗td∗([F ]) = td∗(g
∗[F ]) = td∗([g
∗F ]) for [F ] ∈ G0(Z).
Multiplicativity: Let ch∗ : K0alg(·)→ H
∗(·)⊗Q be the cohomological Chern charac-
ter to the cohomolgy H∗(·) given by the operational Chow ring CH∗(·) or the usual
cohomology H2∗(·,Z) in even degrees. Then one has the multiplicativity relation
td∗([V ⊗ F ]) = ch
∗([V]) ∩ td∗([F ])
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for [V] ∈ K0alg(Z) and [F ] ∈ G0(Z), with Z a (possible singular) complex algebraic
variety.
5.3. Characteristic classes and duality. In this final section we explain the character-
istic class version of the duality formula (14) for the χy-genus. We also show that the
specialization of MHTy∗ for y = −1 exists and is equal to the rationalized MacPherson
Chern class c∗ of the underlying constructible sheaf complex. The starting point is the
following result [39][sec.2.4.4]:
Theorem 5.18 (M. Saito). Let M be a pure m-dimensional complex algebraic manifold.
Then one has for M ∈ DbMHM(M) the duality result (for j ∈ Z)
(76) GrFj (DR(DM)) ≃ D
(
GrF−jDR(M)
)
∈ Dbcoh(M) .
Here D on the left side is the duality of mixed Hodge modules, wheres D on the right hand
side is the Grothendieck duality
D = Rhom(·, ωM [m]) : D
b
coh(M)→ D
b
coh(M) ,
with ωM = Ω
m
M the canonical sheaf of M .
A priori this is a duality for the corresponding analytic (cohomology) sheaves. Since M
and DR(M) can be extended to smooth complex algebraic compactification M¯ , one can
apply Serre’s GAGA to get the same result also for the underlying algebraic (cohomology)
sheaves.
Corollary 5.19 (Characteristic classes and duality). Let Z be a complex algebraic variety
with dualizing complex ω•Z ∈ D
b
coh(Z), so that the Grothendieck duality transformation
D = Rhom(·, ω•Z) induces a duality involution
D : G0(Z)→ G0(Z) .
Extend this to G0(Z)⊗ Z[y
±1] by y 7→ 1/y. Then the motivic Hodge Chern class transfor-
mation MHCy commutes with duality D:
(77) MHCy(D(·)) = D(MHCy(·)) : K0(MHM(Z))→ G0(Z)⊗ Z[y
±1] .
Note that for Z = pt a point this reduces to the duality formula (14) for the χy-genus.
For dualizing complexes and (relative) Grothendieck duality we refer to [26, 17, 33] as well
as [24][Part I,sec. 7]). Note that for M smooth of pure dimension m, one has
ωM [m] ≃ ω
•
M ∈ D
b
coh(M) .
Moreover, for a proper morphism f : X → Z of complex algebraic varieties one has the
relative Grothendieck duality isomorphism
Rf∗ (Rhom(F , ω
•
X)) ≃ Rhom(Rf∗F , ω
•
Z) for F ∈ D
b
coh(X),
so that the duality involution
D : G0(Z)⊗ Z[y
±1]→ G0(Z)⊗ Z[y
±1]
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commutes with proper push down. Since K0(MHM(Z)) is generated by classes f∗[M],
with f :M → Z proper morphism from a pure dimensional complex algebraic manifold M
(and M ∈ MHM(M)), it is enough to prove (77) in the case Z = M a pure dimensional
complex algebraic manifold, in which case it directly follows from Saito’s result (76).
For a systematic study of the behaviour of the Grothendieck duality transformation
D : G0(Z) → G0(Z) with respect to exterior products and smooth pullback, we refer e.g.
to [23] and [24][Part I,sec. 7], where a corresponding “bivariant” result is stated. Here we
only point out that the dualities (·)∨ and D commute with the pairings of corollary 5.14:
f ∗ ((·)∨) ∩ (D(·)) = D (f ∗(·) ∩ (·)) :
K0alg(N)⊗ Z[y
±1]×G0(Z)⊗ Z[y
±1]→ G0(Z)⊗ Z[y
±1] ,
(78)
and similarly
f ∗ ((·)∨) ∩ (D(·)) = D (f ∗(·) ∩ (·)) :
K0(VmHs
g(N))×K0(MHM(Z))→ K0(MHM(Z)) .
(79)
Here the last equality needs only be checked for classes [ICS(L)], with S ⊂ Z irreducible
of dimension d and L a good variation of pure Hodge structures on a Zariski dense open
smooth subset U of S, and V a good variation of pure Hodge structures on N . But then
the claim follows from
f ∗(V)⊗ ICS(L) ≃ ICS(f
∗(V)|U ⊗ L)
and (37) in the form
D (ICS(f
∗(V)|U ⊗L)) ≃ ICS ((f
∗(V)|U ⊗ L)∨) (d)
≃ ICS (f
∗(V∨)|U ⊗ L∨) (d) .
Remark 5.20. Also the Todd class transformation td∗ : G0(·)→ H∗(·)⊗Q commutes with
duality (compare with [22][ex.18.3.19] and [24][Part I, cor.7.2.3]), if the duality involution
D : H∗(·)⊗Q→ H∗(·)⊗Q in homology is defined as D := (−1)
i · id on Hi(·)⊗Q. So also
the unnormalized Hirzebruch class transformation MHT˜y∗ commutes with duality, if this
duality in homology is extended to H∗(·)⊗Q[y
±1] by “ y 7→ 1/y”.
As a final result of this paper, we have the
Proposition 5.21. Let Z be a complex algebraic variety, with [M] ∈ K0(MHM(Z)). Then
MHTy∗([M]) ∈ H∗(Z)⊗Q[y
±1] ⊂ H∗(Z)⊗Q[y
±1, (1 + y)−1] ,
so that the specialization MHT−1∗([M]) ∈ H∗(Z)⊗Q for y = −1 is defined. Then
(80) MHT−1∗([M]) = c∗([rat(M)]) =: c∗(χstalk([rat(M)])) ∈ H∗(Z)⊗Q
is the rationalized MacPherson Chern class of the underlying constructible sheaf complex
rat(M) (or the constructible function χstalk([rat(M)])). In particular
(81) MHT−1∗(D[M]) =MHT−1∗([DM]) =MHT−1∗([M]) .
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Here χstalk is the transformation form the diagram (47). Similarly, all the transforma-
tions from this diagram (47), like χstalk and rat, commute with duality D. This implies
already the last claim, since D = id for algebraically constructible functions (compare
[47][sec.6.0.6]). So we only need to prove the first part of the proposition. Since MHT−1∗
and c∗ both commute with proper push down, we can assume [M] = [j∗V], with Z = M¯ a
smooth pure dimensional complex algebraic manifold, j : M → M¯ a Zariski open inclusion
with complement D a normal crossing divisor with smooth irreducible components, and V
a good variation of mixed Hodge structures on M . So
MHT˜y∗([j∗V]) = ch
∗ (MHCy(Rj∗L)) ∩MHT˜y∗([j∗QM ]) ∈ H∗(M¯)⊗Q[y
±1]
by (64) and the multiplicativity of the Todd class transformation td∗. Introduce the twisted
Chern character
(82) ch(1+y) : K0alg(·)⊗Q[y
±1]→ H∗(·)⊗Q[y±1] : [V] · yj 7→
∑
i≥0
chi([V]) · (1 + y)i · yj ,
with chi([V]) ∈ H i(·)⊗Q the i-th componenent of ch∗. Then one easily gets
MHTy∗([j∗V]) = ch
(1+y) (MHCy(Rj∗L)) ∩MHTy∗([j∗QM ]) ∈ H∗(M¯)⊗Q[y
±1, (1 + y)−1] .
But [j∗QM ] = χHdg(j∗[idM ]) is by (49) in the image of
χHdg : M0(V ar/M¯) = K0(V ar/M¯)[L
−1]→ K0(MHM(M¯ )) .
So for MHTy∗([j∗QM ]) we can apply the following special case of proposition 5.21:
Lemma 5.22. The transformation
Ty∗ = MHTy∗ ◦ χHdg : M0(V ar/Z)→ H∗(Z)⊗Q[y
±1, (1 + y)−1]
takes values in H∗(Z)⊗Q[y
±1] ⊂ H∗(Z)⊗Q[y
±1, (1 + y)−1], with
T−1∗ = T−1∗ ◦ D = c∗ ◦ can : M0(V ar/Z)→ H∗(Z)⊗Q .
Assuming this lemma, we get from the following commutative diagram, that the special-
ization MHT−1∗([j∗V]) for y = −1 exists:
H∗(·)⊗Q[y±1]×H∗(·)⊗Q[y
±1, (1 + y)−1]
∩
−−−→ H∗(·)⊗Q[y
±1, (1 + y)−1]
incl.
x xincl.
H∗(·)⊗Q[y±1]×H∗(·)⊗Q[y
±1]
∩
−−−→ H∗(·)⊗Q[y
±1]
y=−1
y yy=−1
H∗(·)⊗Q×H∗(·)⊗Q
∩
−−−→ H∗(·)⊗Q .
Moreover ch(1+y) (MHCy(Rj∗L)) specializes for y = −1 just to
rk(L) = ch0([ L ]) ∈ H0(M¯)⊗Q ,
with rk(L) the rank of the local system L on M . So we get
MHT−1∗([j∗QM ]) = rk(L) · c∗(j∗1M) = c∗(rk(L) · j∗1M) ∈ H∗(M¯)⊗Q ,
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with rk(L) · j∗1M = χstalk(rat([j∗V])).
It remains to prove the lemma 5.22. But all transformations Ty∗,D, c∗ and can commute
with pushdown for proper maps. Moreover, by resolution of singularities and additivity,
M0(V ar/Z) is generated by classes [f : N → Z] · L
k (k ∈ Z), with N smooth pure n-
dimensional and f proper. So it is enough to prove that Ty∗([idN ] · L
k) ∈ H∗(N)⊗Q[y
±1],
with
Ty∗([idN ] · L
k) = Ty∗
(
D([idN ] · L
k)
)
= c∗
(
can([idN ] · L
k)
)
.
But by the normalization condition for our characteristic class transformations one has
(compare [9]):
Ty∗([idN ]) = T
∗
y (TN) ∩ [N ] ∈ H∗(N)⊗Q[y] ,
with T−1∗([idN ]) = c
∗(TN) ∩ [N ] = c∗(1N). Similarly
Ty∗([L]) = χy([Q(−1)]) = −y and can([L]) = 1pt ,
so that
Ty∗([idN ] · L
k) ∈ H∗(N)⊗Q[y
±1]
by the multiplicativity of MHTy∗ for exterior products (with a point space). Moreover
T−1∗([idN ] · L
k) = c∗(1N) = c∗
(
can([idN ] · L
k)
)
.
Finally D([idN ] · L
k) = [idN ] · L
k−n by definition of D, so that
T−1∗([idN ] · L
k) = T−1∗
(
D([idN ] · L
k)
)
.
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